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An analysis of the flow about a sphere rotating 
slowly in a Rivlin-Ericksen fluid contained in a 
stationary outer concentric sphere is presented. An 
application of the conformal mapping technique is pro-
posed. The technique is used to obtain the radial and 
axial velocity components for the flow about a disc 
rotating within an outer oblate spheroidal shell from 
the solution to the corresponding problem of the flow 
about a sphere rotating within an outer spherical shello 
The results are compared with an existing rigorous ana-
lysis for a disc rotating in an infinite sea of the 
Third Order fluid •. They are also used to estimate wall 
effects in experimental situations. 
Tangential and radial velocity profiles are measured 
for the flow about a sphere rotating slowly in a Newton-
ian liquid. Velocities are determined from enlarged 
streak photographs of aluminium particles moving in a 
collimated 'sheet' of light, at several planes through-
out the flow field. Similar velocity profiles are 
measured for the flow of a 1,50% Natrosol 250 H solution 
about two spheres of different diameters rotating in 
tanks with different dimensions. A set of velocity dis-
tributions is also measured for a sphere rotating in a 
0,9% Natrosol 250 H solution; a dye tracer study of the 
flow about a sphere rotating in this liquid is presented 
as welL 
Velocity profiles are presented for the flow of the 
1,50% Natrosol solution about a rotating disc·and the 
flow of the 0,9% solution about a second rotating disc 
of different diameter. Both Natrosol solutions exhibited 
viscoelastic behaviour in all cases. The Newtonian 
- {iii) -
fluid study is at·a Reynolds number of 1,2: all visco-
elastic fluid studies are within the range of Reynolds 
numbers of 0,05 to 1,24. 
The zero shear vi~cosities of the Natrosol. solutions 
are measured using the falling sphere method. The non-
Newtonian material parameters are obtained by fitting 
the theoretical curves to the measured velocity data. 
The values of the elastic and shear thinning parameters 
for the two fluids obtained in the different geometrical 
and dynamical systems are compared. 
- (iv) -
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An .important element in the recent history of the 
study of non-Newtonian liquids is the search for a 
constitutive equation which provides a quantitative 
description of at least some real viscoelastic liquids. 
Ideally, a successful rheological model would also be 
relatively simple, contain few material constants and 
provide a good description of real liquid behaviour for 
a wide range of flow conditions once these parameters 
have been determined experimentally. It is important, 
for practical purposes, that these material parameters 
be obtainable through the use of one or more well defined 
experimental procedures [1]. 
In contrast to the 'case of Newtonian fluids which 
satisfy all these conditions to a good degree of approxi-
mation, it seems unlikely that a constitutive equation 
for viscoelastic fluids will be found which is both rela-
tively simple and widely applicable. Thus it is that the 
usefulness of constitutive equations has to be explored 
in highly restrictive flow situations. (Pipkin has 
reviewed the narrow range approximations commonly resorted 
to [2]). While the principle value of such theoretical 
and experimental studies lies in their contribution to 
our understanding of the fundamental nature of visco-
elastic liquiqs, they may well have immediate practical 
value. The> study of the slow flow about discs and spheres 
in viscoelastic liquids has, for example, provided useful 
information on the power requirements for mixing these 
liquids [3] and the effect of their elastic properties 
on the behaviour of polymerization reactors [4]. 
A great many equations of state for viscoelastic 
liquids have been proposed since Oldroyd's pioneering work 






published in 1950 [5]. (Historical accounts of the theory 
and development of constitutive equations are to be fourid 
in [6], [7] and [8]). As an immediate test of suitability, 
these rheological models were analysed in viscometric flow 
situations in order to evaluate their ability to predict, 
at least qualitatively, certain well known characteristics 
of real viscoelastic liquids, such as the Weissenberg 
effect and shear thinning behaviour. Examples of this 
approach are the earlier works of Oldroyd [5, 9, 10] and 
Walters [11]. 
[The concept of viscometric flows is discussed 
precisely and rigorously in [7] and [8]. This class of 
flows includes simple shearing flow, Poiseville flow, 
torsional flow, Couette flow, cone and plate flow and 
helical flow. An important sub-class is that of simple 
viscometric flows [7], characterised by a velocity field 
whose contravariant components have the form 
in some orthogonal co-ordinate system. Simple viscometric 
flows have been studied extensively, and are essentially 
the types of flow present in the majority of viscometers 
in common usage. Examples are found in [7] and [8], and 
Truesdell [12] has recently reviewed the subject.] 
The next logical step was the construction of suitable 
experimental devices designed to obtain quantitative data 
in viscometric flow situations with which the theoretical 
predictions of the various models could be compared. The 
theoretical predictions of several Oldroyd-type rheological 
models were in qualitative agreement [6, 7] with the early 
experimental work of Oldroyd, Roberts, Toms and others 
[13, 14, 15]. However, the predicted flow curves were 
unable to describe the experimental data quantitatively 






proposed. (A recent example is that of David [16]). 
In a parallel development, increasingly sophisticated 
measuring instruments were constructed to provide more 
reliable data. Tanner [17], Bogue and Doughty [18], 
Spriggs et al [19] and Chen and Bogue [20] have reviewed 
a number of constitutive equations for viscoelastic fluids, 
with particular reference to their quantitative behaviour 
in viscometric type flows. The comparatively recent dis-
covery and analysis of problems such as the 'hole effect' 
[21, 22, 23] and the recent development of instruments 
employing nearly viscometric flows [24 - 32] testify to 
the complexity of the problem of obtaining accurate and 
unambiguous data for viscoelastic liquids. 
Beyond the need for a theory able to describe visco-
metric flow data for viscoelastic liquids adequately lies 
the problem as to whether that theory is also able to 
describe non-viscometric flows with some precision. The 
class of viscometric flow is a highly limited one. It has 
been shown [8, 33] that viscometric flow behaviour can be 
completely characterised by three material functions: a 
viscosity function and two normal stress difference func-
tions. In non-viscometric flows, material functions in 
addition to the viscometric functions are, in general, 
required to describe viscoelastic fluid behaviour. Thus 
the comparison of non~yiscometric flow data with available 
theoretical analyses of such flows is a more demanding 
test of the suitability of specific constitutive equations. 
There is a distinct paucity of such quantitative comparisons. 
The work reported in this thesis is, in large measure, an 
attempt to provide such non-viscometric flow data and to 
evaluate the ability of a rather general type of fluid, the 
Third Order fluid of Coleman and Noll [34]to describe the 
data. The Rivlin-Eriksen fluid [35]is equivalent in the 






These introductory remarks would be incomplete 
without a further mention of the theory of the Simple 
Fluid or Memory Fluid of Coleman and Noll [34, 35], if 
only to clarify the terms 'Second Order' and 'Third 
Order Fluid' used so frequently in the literature review 
(Section lA). The Simple Fluid is defined as a con-
tinuous material for which the stress at any material 
point is a functional of the history of the deformation 
gradient at that point. This formulation is too general 
for practical use. In practice the functional is approxi-
mated by a converging series of multiple integrals or 
by an expansion in terms of the Rivlin-Ericksen tensors. 
The above concepts are presented rigorously and more 
explicitly in [34, 2, 37]. It is sufficient for our 
purposes to state that the first order approximation to 
the memory functional yields the Newtonian fluid, defined 
by the equation 
T = PI + o. A ( d · 1 ' 
the second order approximation gives the equation for the 
Second Order fluid: 
T = -pi+ o.lA(t) + o.2A(2) + o.3A(t)2; 
and the Third Order fluid is defined by the equation 
T = -pi+ o. A(l) + o. A( 2) + o. A( 1 ) 2+ o. ~3) 
1 2 3 4 
where T is 
the o.i and 
and second 
+ o.s(A(t_)A{2) + A(2)A(t)) + Sl(trA(t)2)A(l}' 
the stress tensor, p an isotropic pressure, 
a. are constants and A(t} and A( 2) are the first 
J . 
Rivlin-Ericksen tensors respectively [12]. 
The Second Order fluid exhibits non-zero normal stress 
differences and a constant viscosity in simpl~ shear, where-
as the Third Order fluid exhibits both non-zero normal 






The theory of the Simple Fluid has had a tremendous 
impact on the ·literature on continuum rheology.. An 
historical perspective of the importance of this theory 
and its relation to the earlier theories of Oldroyd [5] 
and Rivlin and Ericksen [36] may be obtained from the 
review article by Walters [6] and the more recent paper 
of Stark and Lodge [38]. 
Chapter 1 of this thesis is a review of relevant 
theoretical and experimental non-viscometric flow studies. 
The principle theoretical expositions are contained in 
Chapter 2. Walters and Waters' analysis of a sphere 
rotating slowly in an infinite sea of Rivlin-Ericksen 
fluid [39] was modified by replacing the 'infinite sea' 
boundary condition with an ou~er concentric sphere of 
finite radius. The main purpose of this modification was 
to estimate the influence of 'wall effects' on measured 
velocity profiles. The Waters and King [40] analysis of 
a spheroid rotating slowly in a Third Order fluid is 
reiterated in brief. The corresponding rotating disc 
problem is obtainable as a special case of the spheroid. 
The expression for the stream function obtained by these 
authors is differentiated in order to give velocity pro-
. files for the rotating disc. A novel application of the 
conformal mapping technique is also proposed. Using 
this technique, velocity profiles for a disc rotating 
within an outer oblate spheroidal shell are obtained from 
the corresponding problem of a sphere rotating within a 
concentric spherical outer shell. These velocity profiles 
are compared with those of the more rigorous analysis of 
Waters and King. 
Chapter 3 contains a description of experimental 
apparatus used and of experimental procedures adopted. 





and discs rotating in two viscoelastic liquids are 
presented in Chapter 4. The theoretical curves predicted 
by the analyses of the flow of the Third Order fluid 
were compared with the velocity data. The material con-
stants obtained in the different geometries are compared. 
Chapter 5 contains a discussion of the results presented 
in Chapter 4 as well as the conclusions and recommendations 







REVIEW OF PREVIOUS WORK 
lA REVIEW OF THEORETICAL STUDIES OF FLOWS ABOUT 
ROTATING DISCS AND SPHERES IN VISCOELASTIC LIQUIDS 
Hill [41] and more recently Ide and White [4] 
have published extensive reviev1s of laminar flov1s about 
rotating bodies. Attention will here be restricted to 
steady flows about discs and spheres rotating in visco-
elastic liquids. 
lA.l Rotating Sphere Studies 
Langlois [42] analysed the steady flow of a slightly 
viscoelastic fluid contained between rotating spheres. 
This author used perturbation analysis to calculate the 
disturbance of the Newtonian flow field caused by the 
viscoelasticity of the fluid. He found that for certain 
values of the non-Newtonian parameters, a reversal of the 
secondary flow in a plane through the axis of rotation 
could occur. However, the validity of this analysis is 
confined to slightly viscoelastic fluids, since the per-
turbation quantity used was a tensor polymonial in the 
Rivlin-Ericksen tensors. The analysis is also restricted 
by the assumption of negligible inertial forces • 
Geisekus [43] investigated the flow around a sphere 
which was in simultaneous translational and rotational 
motion, with a common axis of symmetry, in an infinite 
sea of a Third Order viscoelastic fluid. Expressions for 
the velocities and the couple on a sphere in pure rotation 
could be obtained as a special case, but again the ana-
lysis is restricted by the assumption of negligible in-








considered the case of a sphere rotating in a Second 
Order viscoelastic liquid, including inertial terms in 
the analysis, and obtained an expression for the stream 
function in terms of an elastic parameter K (II). 
0 
His calculations showed that the secondary flow in a 
plane through the axis ?f rotation underwent qualitative 
changes depending on the relative values of inertial 
forces and normal stresses. At intermediate values of 
these two forces the flow field splits into an inner reg-
ion dominated by normal stresses and'an outer region 
dominated by inertial forces. In normal stress-domina-
ted flow, the fluid moved in a direction opposite to that 
obtaining in inertia-dominated flow. 
Thomas and Walters [45] analysed the flow about a 
sphere rotating slowly in an infinite sea of a Walters 
B' fluid [11]. They obtained an expression for the stream 
function, in terms of an elastic parameter m, identical 
in form to that obtained by Geisekus in his Second Order 
analysis. They showed, in some detail, that the secondary 
flow pattern is strongly dependent on the value of m. 
This result was in complete agreement with that of Geise-
kus. They also derived expressions for the tangential 
velocity and the couple on the sphere which included the 
influence of the elastic parameter. They concluded that 
couple measurements could be used to estimate the value 
of this parameter. The Walters B' fluid exhibits elastic 
effects, but predicts a constant viscosity-shear rate 
relationship [11]. Thus this conclusion is restricted 
to real fluids which approximate this behaviour. 
Bhatnager and Rajeswari [46] studied the problem of 
the flow of a Second Order Rivlin-Ericksen fluid contained 
between two concentric spheres, both in steady rotation 
about a common axis. They obtained expressions for the 
stream function, the tangential velocity and the stress 





Order fluid. They observed that as long as the spheres 
rotate in the same direction, only the non-Newtonian 
fluids were able to exhibit the breaking and reversal 
of flow in each quadrant for .certain values of the non-
Newtonian parameters. 
Walters and Waters [47] analysed the problem of a 
sphere rotating within a stationary outer concentric 
sphere filled with a Walters B' fluid. This study is 
essentially an extension of the analysis of Thomas and 
Walters [45] and was undertaken in order to estimate the 
effect of container walls on the flow field surrounding 
the inner rotating sphere. They concluded that, provided 
the ratio of radius of the outer sphere to that of the 
inner sphere is greater than 12, the couple on the inner 
sphere is within 1% of that of a sphere rotating in an 
infinite medium. Like the earlier analysis of Thomas and 
Walters, these conclusions are strictly valid for fluids 
which exhibit elastic behaviour, but no shear dependent 
viscosity behaviour. 
Bhatnager, Rajagopalan and.Mathur [48] considered 
the secondary flows induced in a viscoelastic liquid 
contained between two concentric spheres in arbitrary 
relative station about a common axis. They studied the 
behaviour of an Oldroyd four-constant fluid, a Walters' B' 
fluid and a Second Order Rivlin-Ericksen fluid and con-
cluded that the equation for the stream function is . 
identical for these three fluids if the elastic parameter 
is properly defined. These authors referred to the earlier 
analyses of Mohan Rao [49], Thomas and Walters [45] and 
Bhatnager and Rajeswari. [46]. No attempt was made to 
obtain the tange~tial velocity component. 
Walters and Waters [39], in a paper published in 
1964, analysed the problem of the steady flow about a 







Rivlin-Ericksen fluid. They showed that, under the slow-
. flow approximation, the constitutive equation reduces to 
one which is in agreement with that of the Third Order 
fluid of Coleman and Noll [34, 12]. Their expression 
for the stream function is identical in form to that 
obtained from the analyses of the behaviour of a Second 
Order fluid [44 - 47]. However, their expressions for 
the tangential velocity and for the couple on the sphere 
differed from those of earlier analyses in that they con-
tained both an elastic and a shear thinning parameter. 
This analysis can thus be applied to a wider and more 
realistic class of fluids and is in agreement with a 
special case of the Geisekus analysis which disregarded 
inertial forces [43]. 
Mow [50], in 1967, published an analysis of the 
flow about a sphere rotating within an outer concentric 
sphere filled with an Oldroyd four-constant fluid. This 
fluid model is capable of exhibiting both elastic and 
Shear thinning behaviour [10]. However, while Mow's 
. expression for the stream function is in agreement with 
earlier analyses [46, 47], his final expression for the 
tangential velocity appears to be in error in that it does 
not satisfy the boundary conditions. Further, his 
equation for the couple on ·the jnner sphere is not in 
agreement with that of Walters and Waters [47]. (See 
Appendix A). 
Jones and Lewis [51] proposed a virtual body force 
technique for predicting the incipient flow pattern 
around various solids of revolution rotating in a Walters 
B' fluid. The flow around a sphere rotating within an 
outer concentric sphere was considered as a special case 
and the incipient flow was found to be consistent with 





Kelkar, Mashelkar and Ulbrecht [52] used a some-
what empirical approach to develop expressions for the 
tangential velocity component and the torque on a sphere 
rotating in a power law fluid. This analysis ignored 
secondary flows caused by inertial or elastic forces and 
is further restricted hy the well-known inability of the 
power law equation to describe very low shear rate 
behaviour realistically. However, these authors were 
primarily concerned with correlating their velocity and 
torque data at relatively high shear rates, and were 
moderately successful in doing so. This point will be 
discussed again in Section lB. 
Of the above analyses, that of Walters and Waters 
[39] for the flow of a Rivlin-Ericksen fluid around a 
rotating sphere appears to be the most widely applicable, 
in the sense that the fluid model used incorporates both 
normal stress or elastic phenomena and shear dependent 
viscosity behaviour. The validity of this analysis is 
only restricted by the slow flow condition and by the 
'infinite sea of fluid' assumption. While the former 
condition is easy to realise in practice, the latter can 
be only approximated experimentally. The analysis of 
the flow of Second Order type fluids around a sphere 
rotating within an outer stationary concentric sphere 
[46, 47] provides a good estimate of the conditions under 
which the effects of container boundaries on torque and 
tangential velocity profiles are negligible. However, 
for liquids which exhibit highly shear dependent viscosi-
ties and for situations in which wall effects are signi-
ficant, the analysis of a Third Order fluid flowing 
between concentric spheres is required to give precise 
expressions for the torque on the inner rotating sphere 
and for the tangential velocity distribution. For this 
reason, the analysis of the flow of a Third Order type 
fluid induced by the slow rotation of a sphere within 
an outer stationary concentric sphere was undertaken, as 







1A.2 Rotating Disc Studies 
Jain [53] used the von Karman approach to analyse 
the flow near an infinitely large disc rotating in a 
semi~infinite expanse of non-Newtonian fluid. A similar 
approach was used by Srivastava [54] for the analysis of 
the flow of a non-Newtonian fluid between two infinite 
discs and by Sharma and Sharma [55] in their study of the 
flow of a Second Order fluid over an enclosed rotating 
disc. This analytical approach ignores 'edge effects' 
and remains approximately valid for flow around a finite 
rotating disc only if the boundary layer is small com~ 
pared with the disc radius. (See, for example, Schlich-
ting [56]). None of these analyses predict flow reversal 
due to elastic effects. 
Griffiths, Jones and Walters [57] considered the 
problem of the flow of a Third Order Coleman and Noll 
fluid between two infinite discs, the one at rest and the 
other rotating slowly. Their analytical solution to this 
problem failed to predict flow reversal due to the elasti-
city of the fluid. They concluded that the flow reversal 
observed experimentally was in some way due to edge 
effects. This conclusion was confirmed by their numeri-
cal analysis of the problem of a finite disc rotating 
in a finite bath filled with the Third Order fluid . 
They were able to predict reverse flow in this geometry. 
Waters and King [40], following the work of Jeffrey 
[58] in 1915, successfully analysed the problem of a· 
spheroid rotating in a Third Order Coleman and Noll fluid. 
The flow about a finite rotating disc and a rotating 
sphere can be obtained as special cases of the spheroid. 
This analysis for the rotating disc problem predicts 
flow reversal due to the elasticity of the fluid. and con-
firms the earlier numerical analysis of Griffiths et al 
•• I 
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[57]. These authors calculated the flow patterns around 
spheroids of revolution of different shapes and showed 
that the secondary flow pattern was strongly dependent 
upon both the elastic parameter and the shape of the body. 
For example, flow reversal occurred for a lower value of 
the elastic parameter in the case of the rotating disc 
than in the case of the rotating sphere. These authors 
did not, however, obtain a solution for the tangential 
velocity component or for the couple on the spheroid and 
in this sense, the solution to this theoretical problem , 
remains, to the authors knowledge, incomplete. 
lB REVIEW OF EXPERIMENTAL STUDIES OF NON-VISCOMETRIC 
. FLOWS OF VISCOELASTIC LIQUIDS ABOUT ROTATING BODIES 
In this review attention will be concentrated on 
studies of flow about rotating solids of revolution because 
these are of particular importance in comparing experi-
mental evidence with theoretical predictions. 
In 1963 Geisekus [44] demonstrated the existence of 
secondary flows induced by the elastic properties of a 
liquid surrounding a rotating sphere and a rotating cone 
and plate arrangement. Geisekus used a dye-tracer tech-
nique in .order to obtain experimental streamlines \'Thich 
were qualitatively in agreement with his theoretical 
Second Order analyses ·for the rotating sphere and cone-
and-plate systems. Quantitative comparison with theory 
was not possible both because the experimental rotational 
speeds were far in excess of the range of applicability 
of the Second Order theory and because the influence.of 
the bath walls could not be accounted for. A ratio of 
the length of the sides of the cubical tank to the sphere 
diameter of approximately four was used and wall effects 
were certainly of significance. Using the same experi-







Viscometric measurements were also taken, using a 
Weissenberg rheogohiometer. The viscometric and non-
viscometric measurements differed considerably, even 
at the lowest shear rates attainable on the rheogonio-
meter. While the authors explain the difference on the 
basis that the shear rates were too high for the Second 
Order analysis to be valid, the fact that torque measure-
ments are insensitive to changes in the elastic parameter 
[60] is po~sibly a contributory factor. 
Kelkar et al [3] used the Third Order,fluid analysis 
of Geisekus [43] and of Waters and King [40] as a basis 
for proposing certain dimensionless groups which could 
be used in correlating power consumption in the mixing 
of viscoelastic liquids. These authors successfully 
correlated power consumption data for several spheres, 
discs and turbine agitators in liquids exhibiting elastic 
and viscous anomalies, both separately and in combination • 
Wall effects were not, however, taken into account. 
Kelkar et al [52] used a 'three-dimensional 
particle technique' to measure the primary velocity distri-
bution around a sphere rotating in both Newtonian and 
non-Newtonian liquids. An expression for the primary 
velocity distribution in a power law fluid was derived. 
The derived linear plot was superimposed on the experi-
mental data using a value of the flow index obtained from 
viscometric measurements in a Weissenberg rheogoniometer. 
However, while the data for Newtonian liquid were very 
well represented by the primary flow equation up to a 
dimensionless radial distance of four, the power law 
equation is a distinctly poorer representation of the 
non-Newtonian data. A torque-angular velocity relation-
ship was derived for the sphere and was fitted to the 
experimental data to give the flow index and the con-







from viscometric data obtained in the rheogoniometer. 
These authors did not account for 'wall effects' quant-
itatively, even though the ratio of sphere diameter 
(5,28 em) to tank length (34 em) was approximately 6,3 
and wall effects were therefore undoubtedly significant. 
Experimental studies of the rotating disc system 
are confined to dye tracer studies demonstrating the 
reverse flow phenomenon. Griffiths et al [57] reported 
a dye tracer study of a disc rotating in a Newtonian 
liquid, a non-Newtonian liquid showing pronounced elasti-
city and a slightly elastic liquid. The experimental 
work constituted a qualitative verification of their 
theoretical analysis. Hansford and Litt [63] encountered 
the reverse flow pheno~enon at low rotational speeds 
while doing a mass transfer study in power law liquids. 
They used a dye study to correlate the failure of their 
mass transfer predictions based on the power law model 
with the onset of 'torroidal flow' and 'reverse flow'. 
Hillet al [64], in a preliminary study, reported 
the reverse flow phenomenon in the disc and cylinder 
system. Hill [41, 65] subsequently measured compre-
hensive sets of velocity profiles, using streak photo-
graphy, in this system. He measured tangential and 
radial velocity profiles in a Newtonian liquid at Rey-
nolds numbers of 0,0616, 24,4 and 97,6 and at 0,0371 
for a viscoelastic liquid. Hill compared his experimental 
work with the analysis of Kramer and Johnson [66] for 
the disc and cylinder system, who used perturbation 
analysis and a numerical technique to solve the problem. 
Hill found that the Newtonian primary flow equations 
provided a good description of the tangential velocity 
data for the Newtonian liquid up to the Reynolds number 
of 24,4 and that significant differences occur at the 





solution was found to be in fair agreement with the 
experimental radial velocities up to the Reynolds 
number of 24,4, but differed from the experimental 
values by a factor of two or three at the Reynolds num-
ber of 97,6. The Newtonian primary flow solution to the 
disc and cylinder problem was modified by introducing a 
shear dependent viscosity function and could be made to 
fit the experimental data to within 20%. Hill used the 
empirically modified Second Order fluid analysis of 
Kramer and Johnson [66] to obtain radial velocity pro-
files which agree with the experimental data to within 
40%. Hill also reported a qualitative study of a number 
of liquids in the disc and cylinder system. The fluids 
used ranged in behaviour from that of a slightly non-
Newtonian liquid to that of a highly viscoelastic liquid. 
Hill's work has been summarised in some detail 
because it was the first attempt to obtain quantitative 
data in the form of velocity profiles in a non-viscometric 
flow situation. However, Hill was unable to reconcile 
theory and experiment in an entirely convincing fashion. 
The majority of the experimental studies reviewed 
above are primarily aimed at establishing the validity 
of certain theoretical approaches. However, a number of 
quantitative studies of the practical effects of non-
Newtonian fluid behaviour on the mixing of viscoelastic 
liquids has been reported [67 - 70]. Ulbrecht [71] 
has recently reviewed this field, and discussed the 
influence of fluid elasticity and shear thinning behaviour 









The theoretical work presented in this chapter 
is divided into four sections. Section 2A is an 
analysis of the flow about a sphere rotating slowly 
in a Rivlin-Ericksen fluid contained in an outer con-
centric sph.ere. The motivation for this analysis was 
given at the end of Section lA.l and it is .essentially 
an extension of the analysis of Walters and Waters [39] 
in the sense that the outer boundary condition is changed. 
The method of analysis is that of Thomas and Walters [45] 
and the nomenclature adopted is similar (though not 
entirely identical) to that of Walters and Waters [39, 47]. 
This was done in order to facilitate comparison of the 
final expressions for the tangential velocity and the 
·couple on the sphere with these earlier analyses. 
Section 2B contains a resume of the publication of 
Waters and King [40] on the flow about a spheroid rotating 
slowly in the Simple Fluid of Coleman and Noll •. The prob-
lem is restated briefly and the final expression for the 
stream function obtained by these authors is quoted. In 
order to compare this theoretical result with experimental 
radial velocity measu~ements, the expression for the 
stream function was differentiated in order to obtain 
an explicit equation for the theoretical radial velocity 
profiles. The special case of a rotating disc is dis-
cussed briefly. 
In Section 2C a novel application of the conformal 
mapping technique is proposed. This technique is used 
to obtain the radial and axial velocity components of 







tion to the rotating sphere problem. The results are 
compared with the analytical solutions of Waters and 
King [40 ]. 
Section 2D contains a critical resume of the theory 
on which the falling sphere viscometer is based. The 
falling sphere method was used to obtain the zero shear 
viscosities of the experimental liquids, as reported in 
Chapters 3 and 4. 
2A THE FLOW ABOUT A SPHERE ROTATING SLOWLY IN A RIVLIN-
ERICKSEN FLUID CONTAINED IN AN OUTER CONCENTRIC 
SPHERE 
2A.l Analysis 
The constitutive equations defining a Rivlin-Ericksen 
fluid are expressible in a Cartesian framework as follows: 
T = - pi + T' 
T' = f (A ( 1 ) , A ( 2 ) , • • • A (n) , 
(2A.l) 
(2A. 2) 
where T (=[p .. ]) l.J is the stress tensor, 
The 
T' (=[p .. ']) is the deviatoric stress tensor, l.J 
I the unit matrix, p an arbitrary isotropic 
pressure and f is a polynomial in the Rivlin-








= [A~"()] (y = 1, 2, .... , n). (2A. 3) l.J 
avi av. (2A. 4) = ___]_ 
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l.J + A<r.> vm + A<Y.> vn 
+ Vl ax
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mJ. ax. mJ ax. I (2A.5) 
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where vi ( i = 1, 2., 3) denote the ve:Loci ty components · 
in the xi co-ordinate system [39, 72]. 
Consider the problem of a sphere of radius a, 
rotating steadily with angular velocity n about a verti-
cal axis within a stationary concentric sphere of 
radius Sa. The space between the spheres is filled by 
a Rivlin-Ericksen fluid. All physical quantities are 
defined in terms of spherical polar co-ordinates 
(r1, 8, ~) with r1 measured from the centre of the spheres 
and 8 = 0 the axis of rotation of the inner sphere. 
Let U 1 V and W be the physical components of the 
velocity vector referred to the r1, 8 and ~co-ordinates 
respectively. The boundary conditions are 
u = v = w = 0 on r1 = Ba } 
u = v = o, W = na sin8 on r1 = a 
When the velocity vector is independent of ~ 
(axial symmetry) 1 Cauchy's equations of motion 
reduce to 
+ a (sin8p' (rl 8)) 
r 1sineae 
( I + I ) 






1 a (sinSp' (98) > cote , 










a (sin 2 8p' <8<1>> > 
ae ' (2A. 9) 
where p is the density of the fluid and the p' (ik)ar~ the 
physical components of the deviatoric stress tensor*. 
The equation of continuity reduces to 
~r (Ur~sin8) 
1 
+ a aa (Vr 
1 
sinS) = 0 (2A.l0) 
It is possible to write equations (2A.7) and (2A.l0) in 
dimensionless form using the substitutions: 
u = ~ pau' v = ~v pa ' w = Qaw, r = 1 ar, 
2 








p~2 p" (re) p" (88) 
p" (<j><j>) 
where a 1 is the zero shear viscosity [39]. The equations 
of motion and continuity now take the form 
* Physical components of tensors will be denoted by 




uau + v au 
























It may be shown that a simple solution (the 
primary flow solution) to equations (2A.l2) to (2A.l5) 







u = v = 01 w = c~ + or) sin8 
o.} 
r2 
-3Csin8 p* = 01 p" (r¢) = r3 other p" (ij) = 
where c 
83 
and 0 1 = = f33 - 1 1"- f33 
Now assume that the velocity components and 
pressure can be expanded in powers of L as follows: 
u = Lu + L2u + . . . . . . . . . 
v = LV + L2v + . . . . . . . . . 
w = (;2 + or) sine + LW + L2w + . . . . . . 1 2 





If only terms up to order L are retained (i.e. 
terms of order L2 and higher are ignored) 1 the following 
expressions for the relevant Rivlin-Ericksen tensors 
are obtained: 
A ( 1) (1) A ( 1) A 
r1r1 r 18 r1¢ 
A ( 1) A ( 1) ( 1 ) ( 1 ) (2A.18) = Aee A8¢ 8r 1 
A ( 1) A ( 1) (1) 
¢rl ¢8 A¢¢ 
A ( 1) 2Lo. 1 aul A ( 1) = 2Lo. 1r 1sin
2 8 
where = ar 1 
(u 1+v 1cot8) rlrl pa I ¢¢ pa 
(1) (1) Lo.trl 
(~ 1 au
1 a (v 1 )) 
A 8 = Ae = Te + rldr
1 













S'2arlsine(-3a2Csin8 L a (wl)) 




2La 1 r 1 ( av 1 
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A(y) = 0 for y > 2. 
(See Appendix Bl for details) • 
Under the restrictions of equations (2A.l7) to 
(2A.20), the constitutive equations (2A.l) and (2A.2) 













+ Cl. s (A ( 1) A ( 2) + A ( 2) A ( 1) ) ' 
where a 1 , a 2, a 3,a 5 and S1 are constants and the trace 
of A ( 1 ) 2 is 
trA (1) 2 
(2A. 21) 
Equation (2A.21) is identical to the equation for 
a Third Order Coleman and Noll fluid, presented in the 
Introduction, with A(
3
) = o. 
Substituting (2A.l8) and (2A.l9) into (2A.21) and 
using (2A.ll) and (2A.l7) we obtain 
au1 
P'(rr) = 2L F + 
P'(ee) 
2L ( av 1 + ut) = - r ae 
2L 9La'C
2 sin 2 8 
p'(<l><l>) (u 1 v 1cot8) + 
3 = - + r r6 
P'(re) P'(er) 
L(.l au1 + r a ( v 1)) (2A. 22) = = ar r ae r 
Lsin8 a ( wl 3La'Csin8 au 1) 
P'(e<P> P'(<J>e > 
2 = - as sine ae r r4 
1 
_ 3La;csin8(.l 3u1 + 
r3 r ae r~r (:1)) 
P'(r<j>) = 
3La~Csin8 ___ 1 + 6La~Csin8 ___ 1 + _ 1 + 1 · (
au 4v 1 rc.ote)- (au u v cote) 







a a a a 
where a' = _2_ a' = _3_ a' = _1_5 ' 2 pa2 3 pa2 5 p2a4 
a' 
a a 
and = _1_1 
1 p2a4 
From the equation of continuity (2A.l5), a 






Substituting (2A.22) and (2A.23) into equations 
(2A.l2) and (2A.l3) using (2A.l5) and eliminating p* 
we obtain: 
where l = . a2 1 a2 --+---






and m' = a' + a'. (See Appendix B2 for details). 
2 3 
Equation (2A.24) is identical to the differential 
equation for the stream function obtained by Walters and 
Waters [47], except for the term - 24m'c. They obtained r7 
-24m' r? instead, due to the earlier erroneous omission of 
the term C in one of the components of the stress tensor . 
[74]. Equation (2A.24) is also in agreement with the 
corresponding equations of Bhatnager et al [48] and 
Mow [50]. 
The associated boundary conditions are 







The solution of equation (2A.24) subject to 
these boundary conditions is 
where c p = X 
c 
Q = X 
c 
R = 1::. 
c s = X 
[oP 
1 
( S) + CP 
2 
( S) + m' c P 
3 
( s) ] ; 
[DQ 1 ( 13) + CQ 2 ( !3) + m' CQ 3 ( (3) ] ; 
[DR 1 ((3) + CR 2 (!3) + m'CR 3 (13) ]; 
[DS 1 (!3) + CS 2 (!3) + m'CS 3 (!3) ]; 
and /j. = 
Ql (13) 
= _ .L ( 1 .. 12 s + Za 2 + z13 6 .. 12 13 1 + 13 8) ; 813 5 5 5 5 
Q 3 <a > = 2 ~ 3 ( 1 - }J:-13 2 + ~ 6 13 3 + ~a 7 - ~ 113 8 + 131 o) ; 
= L. ( 1 - l!s + ~s 2 + ~s 4 - 1!13 5 + 13 6 ) ; 813 3 .3 3 3 
= - 2~3 (1 ~ 5(32 + 4!33 + 4(35- 5136 + !38); 
- s 2 ( 1 - 15 s + .Zs 3 + ls 5 - 1513' + 13 8) ; 
8 8 8 8 = 
s2<B> = !s (1- 15f. 4 + i413 5 + 14S 6 - 1513 7 + (3 11 ); 










Details of the solution of equation (2A.24) are 
to be found in Appendix B3. The above solution for x1 
is in complete agreement with that of Walters and Waters 
[47] when the omission of the term C is accounted for. 
The velocity components obtained from equations 
(2A.23) and (2A.27) are 
L [ ( p . +§__+ CD c2 u = Lu 1 = 2 --~ + Qr + Rr
3 2-
r r2 2r 3 
- 2m'c2) (3sin2e - 2)] 
rs 
and 
v Lv 1 
~ ( -2P + 3Qr + 5Rr 3 + CD + 
c2 
= = 2 r~ 2r 3 




The ¢ component of the equations of motion, 
obtained from equation (2A.l4) after substitution from 
equations (2A.22), (2A.28) and (2A.29), and the use of 
the equation of continuity (2A.l5), is 
a 2wl 2 awl cot.e awl 1 a 2w w + + + -~ 1 
ar 2 :rar r2 ae r2 ae 2 r 2sin 28 
. r-108m' 2C3 36m'CP 8m'C 3 = s1n8 + 
rl o rg ra 
+ c (18m'S - P) + c (S + 18m'CD) 
r7 rs 
+ 1 (36m'QC - 4PD) + 3C
2 D 
r~ 2r 3 
+ 




















c3 --- 3C (S + 19m'CD) 






(PD - 9m'QC) 15C
2 D -
4r 3 
(2DS - 3QC - 52Rm'C) + 
13CR _ 2RDr3] -2-
= -2 (a' + S') • 




The details involved in obtaining these equations 
are presented in Appendix B4. If cr' = 0, equation 
(2A.30) is identical to the corresponding equation of 
Walters and Waters [47] when the spurious C terms are 
accounted for. For C = 1 and D = O, the values corres-
ponding to the 'infinite sea' boundary condition, (2A.30) 
is identical to the corresponding equation in [39]. 
Equation (2A.30),_ subject to the boundary conditions 
w1 ·= 0 on r =a orr= Sa, may be solved using the method 
of Thomas and Walters [2]. The solution is 


















C(S + 4m'CD) 
20r 3 
(QC + SD + 39m'RC) 
5 
+ (C0 2 + 2RC)r 2 + DQ + RD s 





+ 5 (1 
_ L)+ 3m'CP (1 _ L) ag 5 as 
+ (CD 2 + 2 RC) ( 1 _ a) + 10 
DQ 2 1o <1 - a > 
22m' 2 C3 12cr'C 3 3m'CP 
15 + 5 + 5 
(2A. 32) 
- 31 -
llm'C 3 C(6m'S - P} C 3 C(S + 4m'CD} 
70 + 30 + 50 - 20 
(QC + SD + 39m'RC} + (CD 2 + 2RC} + DQ + RD] • 
5 10 10 20 
· The equations for H1 (r} are consistent with those 
obtained by Walters and Waters [47], subject to the 





9m' 2 C3 81cr'C 3 m'CP m'C 3 C(P- 36m'S} + - ---- + ---- + 
llr 8 22r 8 2r 7 4r 6 16r 5 
~ (.tnr + .!.)+ C (S + 19m'CD} 
28r 4 . 7 4r 3 
(DP - 9m' QC} 
2r 2 
5C 2 D (2SD - 3QC - 52m'RC} 
+ 16r - 8 
(C0 2 - 13CR} 
12 
= 
RD 5 -- r 
9 + + 
_ m 
1 
CP (l _ _1_) + 







( 1 ) --1---
4 89 
(1--1) B 1 1 
+ C(P- 36m'S} (l _ L) _ ~(1 _ L _ 2_f.nB) 16 8a 196 ~ 87 87 . 
+ c (S + l~m 1 CD} (l _ ~ 
6
) _ (DP - ~m 
1 








(CD 2 - 13CR) 
12 
- 32 -
9m' 2 C 3 8lo'C 3 m'CP m'C 3 
11 + 22 - -2- + -4-
+ C(P - 36m'S) 
16 
C 3 C(S + 19m'CD) 
196 + 4 
I 
(DP - 9m'QC) 5C 2 D (2SD - 3QC - 52m'RC) 
2 +16- 8 
(CD 2 - 13CR) 
12 
R~] 
Walters and Waters [39, 47] did not give the 
equation for H
3
(r) explicitly, thus comparison is not 
possible. The method of solution of the equation for w1 
is detailed in Appendix B5. 
The couple r on the inner sphere is given by the 
equation 





and w1 (equations (2A.28), (2A.29) 
and (2A.31) - (2A.33) ) in the expression for p"(r¢), 





2m'C 3 CP Lr - + --- -
5r 8 5r 7 
+ 
C(S - 2m'CD) 2lm'CQ + {CQ + SD) 
5r 5 5r'+ 5r 2 
+ C(D
2 + 2R) + DQ r + RD r 3 - 3A l J T ( 8 ) 10 5 5 '+ 1 r 









(r) need not be specified as the term F 3 (r)T 3 (8) 
does not affect the couple on the sphere. Substitution 
of equation (2A.35) into equation (2A.34) gives the 
expression for the couple on the inner sphere: 
+ C(S - 2m'CD) 
15 
+ DQ 15 + 
RD 
15 
7m'CQ + (CQ + SD) + C(D 2 + 2R) 
5 15 30 
(Details are shown in Appendix B6). 
(2A. 36) 
The above equation for the couple on the sphere is 
consistent with the equations given in [39] and [47] • 
It should be noted that a' appears in the expression for 
the term A1 and thus r is a function of S, m' and a'. 
2A.2 Theoretical Velocity Profiles in a 
Cylindrical Co-ordinate System 
Equations (2A.28), (2A.29) and (2A.31) give the 
.theoretical velocities in a spherical polar co-ordinate 
system. However the experimental data are obtained more 
conveniently in terms-of cylindrical co-ordinates (see 
Chapters 3 and 4). It is therefore necessary to obtain 
expressions for the dimensionless theoretical velocity 
profiles in terms of this co-ordinate system. 
The cylindrical co-ordinate system (r~, ~·, z
1
) 
is related to the spherical co-ordinate system (r 1 , a, ~) 
by the equations 
r' = r 1 sina 1 
~ 1 = ~ (2A. 37) 







Hence the velocity components (u', w', v') in the 
cylindrical co-ordinate system are related to the 
velocity components (u, v, w) of the spherical co-








(See, for example, Appendix A in [71]). 
These equations, ({2A.28), (2A.29) and (2A.31)), 
and the inverse relations to (2A.37), 
(2A.38) 
r = 1 
(2A.39) 
and e = arc sin [r'/(r' 2 + z2 )] 
1 1 1 
may be used to obtain complete expressions for the 
theoretical velocities in the cylindrical co-ordinate 
system. In practice, however, r 1 and e are calculated 
from equation (2A.39). The dimensionless radius 
r = r 1 /a is calculated, and these values for r and 8 
are inserted into equations (2A.38), (2A.28), (2A.29) 
and {2A.31) in order to give u', v' and w'. The velocity 
profiles are calculated at various z positions, where 
z = z 1 /a is the dimensionless axial distance from the 
equator of the sphere-, 
2A.3 Presentation and Discussion 
The velocity components u' and w' were measured 
experimentally (Chapters 3 and 4) and it is therefore of 
interest to observe the influence of the parameters m', 
a' and S on these velocity components. Each of the u' 
and w' curves were calculated at five dimensionless z 









used in the experimental work reported in Chapter 4) 
in order to show theoretical behaviour throughout the 
flow field. The values of L (= Re 2) and the values of 
a (where a is the ratio of the ra~s of the outer sphere 
to that of the inner sphere) wereAchosen to coincide with 
experimentally encountered values. A B value of 104 was 
used to calculate the curves for "B = oo" (See Appendix F) . 
The range of values of m' and o• was chosen so as to 
span the experimentally determined values. Thus the 
<:f. 
theoretical curves presented in Figures 2-1 to 2-10 are 
illustrative of conditions which may well occur in real 
situations. 
In order to clarify the discussion which follows, 
it should be recalled that L, m' and o• are dimensionless 
parameters, and are related to the material constants 
in equation (2A.21) by the following equations: 
L = ca2Qp) 2 I m' . = (a2 + CX3) = m and 
no Pa2 Pa2 
a' 2(a 5 + a 1) no a no = = 
where n0 = a 1 , 
changes in m' and 
due to different 
I 
p2a 4 p2a4 
the zero shear viscosity. Thus 
o• (for constant p and n
0
) could be 
non-Newtonian characteristics (m and a 
values) or could result from a change in geometry, i.e. 
a change in the value of the radius a. Furthermore, a 
change in the radius brings about a relative change in 
m' and o' due to their different dependence on a. The 
value of L depends on both a and the angular velocity Q. 
According to equations (2A.28), (2A.29) and {2A.38) 
the radial velocity profiles are influenced by m' and B 
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are for values of L = 0,194 and B = 10,1. The range 
o.f m' values is from m' = O, a Newtonian fluid, to 
m' = 0,75. The latter value corresponds to a moderately 
viscoelastic fluid and the curves for m' = 0 show 
clearly that inertial forces have a significant influence 
on the secondary flow for these values of Land m' . 
The radial velocity profiles shown in Figure 2-2 
are for L = 0,0022 and B = 10,1 values. The range of 
non-zero values of m' shown (m' = 2,5 tom' = 7,5) would 
occur only in very elastic fluids; the curves for m' = 0 
show that inertial forces are negligible, as might be 
expected from the very low value of L. It is interesting 
to note that the flow patterns are similar to those of 
the moderately elastic fluids (Figure 2-1). However, the 
magnitude of the dimensionless velocities would be an 
order of magnitude greater if the same value of L (0,194) 
were used. The magnitude of the secondary velocity com-
ponents appears to be nearly proportional to m' for 
m' > 0,25. 
Figures 2-3 and 2-4 are sets of curves showing the 
effect of S on the radial velocity profiles for a Newtonian 
liquid and a highly viscoelastic liquid respectively. It 
is clear that, even for the relatively large value of 
e (10,1), the effect of the outer boundary on the velocity 
curves is significant: It appears that the influence on 
the Newtonian curves is somewhat greater than on the · 
curves for a very viscoelastic liquid (m' = 7,5). As might 
be expected, the curves for S = 4,8 are substantially 
different from those for B = oo in both types of fluid. 
The tangential velocity profiles are, for a given 
value of L, influenced by the parameters m', cr', and S. 
Figures 2-5 to 2-9 are presented to illustrate the effect 






Figure 2-5 shows the effect of the parameter 8 on 
tangential velocity profiles for a Newtonian fluid. 
Figure 2-6 illustrates the effect of this parameter on 
a non-Newtonian fluid with a large value of a' (96,0), 
i.e. strongly shear dependent viscosity behaviour. It 
is clear that the influence of an outer sphere at 8 = 10,1 
is negligible provided that attention is confined to the 
region within five sphere radii of the inner sphere. The 
curves for 8 = 4,8 show that the relative influence of 
the outer sphere for the shear thinning non-Newtonian 
fluid is very similar to that of the Newtonian fluid. The 
presence of the outer sphere decreases the tangential 
velocity throughout the flow field. 
Figure 2-7 shows the effect of the parameter a' on 
the tangential velocity curves, for a' < 1 and L = 0,194. 
Similar curves were drawn for m' values in the range 
0 ~ m' ~ 1 (at L = 0,194) and it was found that this para-
meter has a negligible influence on the velocity curves 
over this range of values. These curves are therefore not 
shown. 
The curves shown in Figure 2-8 and 2-9 are for a very 
low value of L (0,0022). Figure 2-8 illustrates the fact 
that sufficiently large values of m' (10 ~ m ~ 30) have 
a significant effect on the tangential velocity profiles. 
While such large values of m' were not encountered in the 
experimental work reported in this thesis, they certainly 
appear to be possible [61]. The greater significance of m' 
relative to a' for large values (m', a' >> 1) is due to 
the presence of quadratic terms in m' in the equations 
for the tangential velocity, whereas a' appears to the 
first power only. Similar behaviour is found when the 
expression for the couple on the sphere (Walters and Waters 
[39]) is examined. When m' = a'=l,O, the contribution 







But for m' = a• = 10,0 the magnitude of the m' terms in 
the expression for the couple is approximately 55% that 
of the a• terms, and m' becomes dominant for still 
larger values. 
Figure 2-9 shows tangential velocity curves at high 
a• values, in the range·o,o to 90,0. It is clear that 
sufficiently large values of a• can produce considerable 
departure from Newtonian behaviour, even at the low value 
of L of 0,0022. This point will again be discussed after 
the presentation of experimental data. Positive a• values 
result in a more rapid decrease in the tangential velocity 
with radial distance than would occur in a Newtonian fluid . 
. 2B.l Velocity Profiles for the Flow about a 
Spheroid Rotating Slowly in a Simple Fluid 
The analysis of the flow induced by the slow rotation 
of a finite disc in a viscoelastic liquid presents mathe-
matical difficulties at the edge of the disc. Waters and 
King [40], following Jeffery [75], approached the problem 
by considering an ellipsoid of revolution rotating about 
its axis, then considering the disc as a degenerate case 
of the ellipsoid. A brief resume of this paper follows, 
using a similar nomenclature. Velocity profiles are then 
derived from the stream function . 
The equations of ·state of the Simple Fluid of Cole-
man and Noll can be written in the form 
= (2B.l} 
p!k(x,t} 1 -v = 
t 
F [ G ik (_e I t I t I } J (2B.2} 
where Pik is the stress tensor, p an arbitrary isotropic 
pressure, gik the metric tensor of a fixed co-ordinate 








Gik is the Eulerian component of gik' also known as 
the history of the right Cauchy-Green strain tensor 
with respect to the present configuration. The variable 
t is the present time and t' < t. 
An oblate spheroidal co-ordinate system (~, n, ~) 
may be defined in terms of a cylindrical polar co-ordinate 
system (r~, ~·, z
1
) by the equations z 1= c sinh~cosn, 
r~ = ccosh~sinn. In dimensionless form: 
zl 
sinh~cosn; r' = -c 
r' 
1 = cosh~sinn (2B. 3) z = -- = c 
The surfaces ~ = constant are a family of oblate spheroids 
or ellipsoids of revolution having foci z 1 = O, rl = + c. 
It is assumed that the oblate spheroid (~ = ~ 0 ) rotates 
slowly about its axis of revolution (r~ = 0), with angu-
lar velocity Q, in an infinite expanse of the Simple Fluid 
which is at rest at infinity . 
If the physical components of the velocity vector 
are U, V and W with respect to the oblate spheroidal co-







O, W = Qc cosh~sinn 
W = 0 when ~ + oo 
when ~ = ~ o} 
Dimensionless velocities u, v and w may be defined by 
the equations 
U = ~u, V = ~ v and W = Qcw, 
pc pc 
( 2B. 4) 
( 2B. 5) 
where a 1 is the zero shear viscosity and p is the density 
of the fluid. The boundary conditions in terms of the 
dimensionless variables are 
u = v = 0, w = cosh~sinn when ~ = ~i. 
(2B.6) 








For the above boundary conditions the primary 
flow solution (very slow rotation) of the equations of 
motion, continuity and the equations of state (2B.l) 
and (2B.2) is given by 
u 
where 
= v = o, w = f(t;;) cosht;;sinn f ( ~ 0) 
f (t;;) = sinht;;sech 2 t;; - cot - 1 (sinht;;) 
(2B. 7) 
Waters and King [40] expanded the velocity components 
and the pressure in terms of L, where 
L = (Qc2 P) 2 • 
().1 
They showed.that, to first order in L, the equation of 
state· (2B.2) reduces to 
I 
p ik = 2a 1 el~) + 2a 2 e1~) + 4a 3 el
1 )jeJ~> 
+ Bs 1 eJ 1 > 1e{ 1 )jei~) + 4a 5 (el 1 )jeJ~> 
+ e( 2 ) j e ( 1 )) 





, a~8 1 and a 5 are material constants; 
el~) and el~) are the first and second rate-of-strain 
tensors defined by Oldroyd [5]. Since the Rivlin-
Ericksen tensors (defined in Section 2A) are exactly 
twice the Oldroyd rate of strain tensors, equation 
(2B.8) is identical to equation (2A.21), the equation 
for a Rivlin-Ericksen fluid for the slow flow conditions 
under discussion. (See Kelkar et al [3] for further 
discussion of this remark; also cf. Walters and 
Waters [24]). 








co-ordinates, a stream function x may be defined by 
the equations 
1 .£x u = - hcoshf;sinn an 
v = 1 !x hcoshf;sinn aE; , 
where h = cosh 2E; - sin 2n 
Waters and King obtained a solution for the stream 
function, given by the following equations. 
X = LX
1 
= Lsin 2ncosn{h2F(f;} + G{E;)} , 
where F and G are defined as follows. 
Let ll sinhf; and ll
0 = sinhf;9 
F ( E;) = F(sinh- 1l.l} = A~F 1 {l.l} + A~F i (lJ} + F 3 (lJ) 
G ( E;) = G(sinh- 1l.l) B' + B'F(l.l) + H(ll) 
1 2 2 
= 






and F (ll) 
1 
23 16 -1 = 7ll 4 + 3ll 2 + 15-l.l(7l.l











2 2 2 -1 = ll + 3- l.l{l+ll )cot l.l, 
= {f(f; 0 )f
2 {~ll 3 + ll- !<911 4 + llll 2 + 2)cot- 1ll 
+ ~ll (9l.l 4 + 14ll 2 + 5) (cot- 1 ll) 2}' 
- -7116- 32ll4- 46ll2 + ~ - ~ 3 15 5 
-1 
+ ll 3 {7ll 4 + 13l.l 2 + 6)cot l.l, 
4 4 4 = -2ll - -ll 2 +- + 2l.l 3 {1 + 3 9 
= l.l{f(E; )}-2f-~ll4- 13ll2 
0 ' . 8 8 
-1 
l.l 2)cot ll, 
~ + !l.l(9l.l4 
. -1 
+ 16l.l 2 + 7)cot ll- ~(9l.l 6 + 19l.l 4 








H~(~) = 2{f(~ 0 )-
2 {~- (1 + 2~ 2 )cot- 1 ~ 




F I (~ ) F (~ ) - F I (~ ) F (~ )' 
3 . 0 2 0 2 0 3 0 
F I (~ ) F (~ ) - F I (~ ) F (~ ) 
2 0 1 Q 1 0 2 0 
F I (~ ) F (~ ) - F I (~ ) F (~ ) 
3 0 1 0 1 0 3 0 
F I (~ ) F (~ ) - F I (~ ) F (~ ) 
1 0 2 0 2 0 1 0 
HI (~ ) F (~ ) - F·' (~ ) H (~ ) 
0 2 0 2 0 0 




= - HI (~ 0) 





The elastic parameter m' in equation (2B.l3) is 
defined in terms of the coefficients in equations (2B.8): 
(~ + ~ ) 
2 3 m' = 
pc2 
H 
The primes on the functions;F 1 , F 2 and F 3 in equations 
(2B.l5) and (2B.l6) denote differentiation with respect to ~-
In order to compare the results of this theoretical 
analysis with the experimental radial velocity data for 
flow around the rotating disc, it is necessary to obtain 
expressions for the radial velocity component u' in 
terms of a cylindrical polar co-ordinate system. 
Equation (2B.6) for the stream function is used as a 
starting point. 
By the definition of the stream function in cylin-
drical co-ordinates (r', ~, z), 
u' = 1~ - r' dZ (2B.l7) 
Since x is a function of ~ and n and both ~ and n are 







u' = _ __!. [ax ~ + ~ an] • r' at; az an az 
The terms ~l; and ~n are obtained by differentiating 
aZ aZ . 








(cosh 2 l;cos2n + sinh2t;sin 2n) 
- sinnsinhl; 
(cosh 2l;cos 2n + sinh 2l;sin 2n) 
The ft and ~ terms are obtained by differentiating 










)F(l;) + h 2F' (i;) + G' (t;)] 
L{sin9(2- 3sin29) [h 2F(l;) + G(~8 













The terms F' (~) and G' (~) are calculated by a lengthy 
but straightforward differentiation of equations 
(2B.ll) to (2B.l4), and are given in Appendix C. The 
radial velocity component is thus given by equations 
(2B.l8) to (2B.22), but in terms of the oblate spheroidal 
co-ordinates. 
In order to obtain the radial velocity u' as a 
function of r' and z (rather than ~ and n) we require 
~ and n as functions of r' and z. 
From equations (2B.3), 
r' 









The hyperbolic functions are related by the equation 
cosh 2 ~ - sin 2 ~ = 1 • 
Equations (2B.2~) and (2B.2~) may be solved to give 
the following expression for sinn: 
(2B. 24) 
sinn = ~ [1 + r' 2 + z 2 - ((1 + r' 2 + z 2 ) 2 - 4r' 2 )~]~ (2B.25) 
The square root signs imply the positive square root. 
Having determined sinn, 
cosh~ 
r' (2B.26) - sinn 
may be calculated. Thus for a given (r', z), nand~ 
may be c~lculated from equations (2B.25) and (2B.26) and 
~ 
equations (2B.l8} aRd (2B.22) can be used to calculate 
the radial velocity u'. 
The ellipsoid of revolution becomes a disc when 
-~o = 0. In this case c = a, the radius of the disc and 
the theoretical curves for u' can then be compared with 
experimental data for various values of the elastic 
parameter m'. 
It should be noted that at the edge of the disc, 
z = 0 and r' = 1. Hence 
sinh~ = 0, cosh~ = 1, 
sinn = 1 and cosn = 0. 
Equations (2B.l9) and (2B.20) are therefore not defined 
as the denominators become zero. However, it can easily 
. . a~ an 
be shown that as ~ ~ o, az and az ~ 0; thus the singu-












2B.2 Presentation and Discussion 
The theoretical radial velocity curves are shown 
in Figures 2-10 and 2-11 in order to illustrate the 
effect of the elastic parameter m•. As was done for the 
sphere theoretical velocity profiles, the z planes and 
the L values were chosen to coincide with those used in 
the experimental investigation and the range of m• values 
was chosen to span the experimentally determined values. 
The velocity profiles shown in Figure 2-10 are for 
L = 0,194 and m• values in the range 0,0 to 0,75 and the 
profiles shown in Figure 2-11 are for L = 0,018 and m• 
values in the range 0,0 to 3,0. It should be noted that 
the curves are valid only for a disc rotating in an 
infinite sea of fluid. A comparison of Figures 2-10 and 
2-1 shows that the radial velocity component for the disc 
in the z = 0 plane is approximately twice that for the 
sphere, for the same value of m•. The velocity curves 
for different m• values are similar in shape (for 
m• > 0,25) but the magnitude changes considerably . 
2C THE CONFORMAL MAPPING TECHNIQUE 
At the start of the work reported in this thesis 
(1970) , no analytical solution to the problem of a 
finite disc rotating ln a viscoelastic fluid had been 
published. A conformal mapping technique was then 
proposed in an attempt to obtain the axial and radial 
velocity components in the disc flow field from the 
corresponding sphere problem. Comparison of the radial 
velocity profiles predicted by the conformal map with 
early experimental results for the rotating disc 
showed reasonable agreement. However, in August 1971, 
Waters and King published an analytical solution to the 
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previous section. It is thus of interest to compare 
the results of the two methods. 
The classical application of conformal mapping 
techniques is in the analysis of two dimensional poten-
tial or inviscid flows~ This approach has practical 
value in the study, for example, of flow outside the 
boundary layer of two-dimensional aerofoils at high 
Reynolds number [76]. In this case it is assumed that, 
outside of a thin boundary layer, viscous forces are 
negligible and inertial forces dominate. In the present 
case of flow around a slowly rotating disc or sphere in 
a viscoelastic fluid, viscous forces obviously play a 
large part in the flow field as a whole. However, the 
secondary flows in a plane through the axes of rotation 
are generated by inertial and elastic forces. The velo-
city components in this plane are very much smaller than 
the tangential velocities, and if the flow in this plane 
is regarded as independent of the third velocity com-
ponent, its vorticity is small. This provides a some-
what heuristic argument for regarding the flow in a 
plane through the axes of rotation is a two dimensional 
potential flow. However, there are obvious shortcomings 
in the above argument and the basic test is therefore 
whether or not the proposed application of the conformal 
mapping technique pro-yides useful information. It will 
be shown that the map predicts velocity profiles which 
are in qualitative agreement with those predicted by 
the rigorous analysis of Waters and King·. Quantitative 
agreement is good, except in the region near the edge 
of the disc, and thus the map may be used to estimate 






2C.l Theoretical Development 
We assume the projection of the three dimensional 
velocity vector onto a plane through the axis of rota-
tion of the sphere or the disc to be a two dimensional 
potential flow. We als_o assume the existence of a solu-
tion to the rotating sphere problem, thus giving the 
velocity components Ux and Uy (Cartesian co-ordinates 
will be used throughout this section) in the plane 
· through the axis of rotation. As a result of the poten-
tial flow assumption, a potential function ~ and a stream 




a~ = ax I = ay ( 2C. 1) 
a~ 
Uy 
a~ = ay I = -ax (2C. 2) 
Let w = x + iy. The complex potential function 
F(w) = ~(x,y) + i~(x,y) (2C. 3) 
is holomorphic since the Cauchy-Riemann conditions are 
automatically satisfied by equations (2C.l) and (2C.2). 
That is = and = 
Furthermore, the potential flow assumption is also 
automatically satisfied: 







= o, since ~ is by 
definition continuous and differentiable. 
( 2C. 4) 
Thus, for a suitable Ux and Uy, F(w) describes a hypo-
thetical flow net about a 'circle', i.e. the two-




to obtain the corresponding velocity components Ux' 
and uy' for the flow about a 'straight line', i.e. 
the two dimensional projection of the disc. 
The conformal transformation 
l;(x',y') = 1 + w 2w (2C. 5) 
maps the upper arc of the unit circle onto a line of 
length two units. The lower arc is also mapped onto 
the same line. Figure 2-12 illustrates the mapping. 
-i 
FIGURE 2-12 THE CONFORMAL TRANSFORMATION 
The region of the upper half-plane exterior to the 
unit circle is mapped onto the upper half-plane of the 
~ planeo The fixed points are y = 0, x = + 1 and 





the imaginary axes [77, 78]. Thus the function ~ 
transforms the two-dimensional projection of the sphere, 
the unit circle, onto the two-dimensional projection of 
the disc, a straight line of length two units and centre 
at the origin. 
It is useful to consider the image of a circle, 
say Yc = 1Yclei8 , IYcl .> 1, under this mapping. Applying 
the transformation equation (2C.5), the following ex-
pressions are obtained: 
x' = ~<IYcl + l/l~cl>cos8 
and y' = ~<IYcl - l/IYcl>sin8 
Eliminating 8 yields 
This is the equation of an ellipse, with m~jor axis 
(2C.6) 
(2C.7) 
of length <IYcl + 1/IYcl> and minor axis of length 
<IYcl - 1/IYcl>· It may easily be shown that the region 
between the unit circle and the circle of radius IYcl 
is mapped onto the region external to the unit circle 
and bounded by the ellipse defined by equation (2C.7). 
Thus the mapping, equation (2C.5) may be used to trans-
form the situation of a unit sphere rotating within an 
outer concentric spherical shell into that of a unit 
disc rotating within an ellipsoid of revolution. 
We would like to obtain the complex potential 
function, F' (~) = F' (x' + iy') which describes flow 
around the disc by using equations (2C.3) and (2C.5). 
The velocity components for the disc are defined by the 
equations 







As we do not have x and y as explicit functions of 
x' andy', implicit differentiation must be resorted to: 
ux' = 
o4l(x,:L) = a41 ax + ~~ ox' ax ax· ay ax• 
= u ax xox' + u ~ Yax' (2C. 9) 
Similarly 
uy' = 
o4l(x,y) = u ax + u l:l. ay' xoy' yay' (2C.l0) 
Now w = x + iy, thus the following equations may be 




Differentiation of equations (2C.ll) implicitly with 








= [4x2y2 + (p4 + p _ 2x2) (p4 _ p2 + 2y2)] 
h 2 2 + 2 Th . for ax and av W ere P = x y • e e pr ss o s ~X e 1 n ()y' ()y' 
are similarly obtained: 
ax 4xyp 4 
}2C.l3) 
ay• = [4x2y2 + (p4 + p2 - 2x2) (p4 - p2 + 2y2)J 






In order to obtain x and y for a given x' and y' 
(i.e. the pre-image of a point (x',y') in the~ plane), 
the following relationships are used: 
cose X 2px' 
} 
= - = .p2 p + 1 
(2C.l4) 
sine y_ 2py' = = p p2 - 1 
(cf. equations (2C.ll)}. 
2 2 
=(2px' '\ ( 2py' ) 
p2 + 1) + p2 - 1 (2C.l5) 
By rearranging equation (2C.l5}, the following equation 
is obtained 
Pa - 4(x'2 + y'2}p6 + 2(4x'2 - 4y'2 - l}p~ 
- 4(x' 2 ~ y' 2}p 2 + 1 = 0 (2C.l6} 
If we let p' = p2 , equation.J (2C.l6} becomes a fourth 
order polynomial in p', which can be solved analytically. 
Hence the roots of equation (2C.l6} can, in principle, 
be expressed in terms of x' andy'. However, this 
process is both lengthy and tedious, and a standard 
numerical technique (IBM's POLRT package} is more con-
venient to use to calculate the roots of this equation 
for a given x' andy'. The real roots are then tested 
against equation (2C.l5} to obtain the unique real root 
P
0 
which satisfies this equation and the inequality · 
P
0 
> 1. The pre-image (x,y} of the point (x',y'} can 
then be calculated using equations (2C.l4}. The 
velocities Ux and Uy at (x,y} are obtained from the 
known solution to the rotating sphere problem. Thus 
equations (2C.9) and (2C.l0) are completely determined 
and may be used to calculate Ux' and Uy' at any given 










tion procedure is summarised as follows: 
(1) At a given position (x' ,y') calculate the co-
efficients in equation (2C.l6). 
(2) Find the real root P
0 
of equation (2C.l6) which 
satisfies equation (2C~l5) and the condition p
0 
> 1 • 
(3) Calculate x and y using this root and equation 
(2C.l4) 
(4) Use the solution to the rotating sphere problem 
to obtain Ux and Uy at (x,y) 
ax ax a a ' 
(5) Calculate ax• , ay• , *' and *'•. using equations 
(2C.l2) and (2C.l3) with P = P
0
• 
(6) Calculate Ux• and Uy• using equations (2C.9) and 
(2C.l0) . 
2C.2 Presentation and Discussion 
Radial velocity profiles predicted by the conformal 
mapping technique are presented in Figure 2-JA. The 
curves shown are for L = 0,018 and m' = 0,0 to 3,0 and 
may thus be directly compared with the velocity profiles 
predicted by the analysis of Waters and King (see Section 
2B), shown in Figure 2-11. It may be seen that, except 
for the region near the edge of the disc (z = O, r' = 1), 
the shapes of the two sets of curves is remarkably simi-
lar. For the region near the edge of the disc, the 
conformal map predicts velocities which are approximately 
twice as great as those predicted by the Waters and King 
analysis. However, for regions distant from the edge, 
the two sets of curves are in quantitative as well as 
qualitative agreement. The velocity profiles in Figure 
13 
2-~ are for L = 0,194 and the lower range of m' values, 
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when these curves are compared with the corresponding 
set of Figure 2-10. These contentions are best 
illustrated by comparing the two sets of curves directly, 
for a single value of m', as is done in Figure 2-15. 
The conformal map _may be used to estimate the effect 
of container walls on the velocity curves by assuming 
that the disc is rotating within an ellipsoid of revo-
lution filled with the viscoelastic fluid (see Section 
2C.1). The curves shown in Figure 2-16 show the effect 
of the presence of an ellipsoid at S' = 4,8; 10,1 and oo, 
where 8' is the .length of the semi-major axis. For 
these values of 8', the ellipsoids are very nearly 
spherical in shape. The influence on the velocity pro-
files of container walls at 8' = 10,1 is small, but the 
presence of a solid boundary at 8' = 4,8 would clearly 
result in a significant change in the curves . 
20 REVIEW OF THE THEORY OF FALLING SPHERE VISCOMETRY 
The material parameter known as the zero shear vis-
cosity invariably appears in any constitutive equation 
for viscoelastic fluids, yet there is no universally 
accepted method of measuring this quantity accurately 
[61, 80]. The method of falling spheres provides a 
simple and convenient measure of the zero shear vis-
cosity. A very brief·review of the theory on which this 
method is based follows, and serves as a basis for the 
experimental procedure adopted in Chapter 3 and the 
extrapolation procedures used in Chapter 4. 
Caswell and Schwartz [79] analysed the problem of 
the slow flow of a Third Order Rivlin-Ericksen fluid 
past a sphere. In a later publication [62], Caswell 
considered the effect of finite container boundaries on 








restricted to the inertialess flow regime, yield the 
following results [80]. 
(20.1) 
where F is the net hydrodynamic force on a sphere of 
.radius a, n0 is the zero shear viscosity, A is a 
characteristic time which depends on the non-Newtonian 
fluid properties, U
00 
is the velocity of the sphere 
falling through an infinite sea of fluid and 
= F/6Tian 0 1 (20.2) 
the Stokes velocity of the sphere. 
A rearrangement of equations (20.1) give~ 
1 1 = (20. 3) 
where the viscosity n = F/6TiaU and T = F/6Tia 2 is 
00 
a characteristic shear stress. This equation suggests 
that a plot of ~ vs T 2 should become linear at sufficiently 
low shear stresses, with intercept 1 in the limit of 
no 
zero shear stress. 
If the velocity of the sphere, U, is measured at 
the centre of a tube of radius R, the quantity U
00
(F) is 
given by the equation 
U
00
(F) = U + (F/6Tin
0
R)W(a/R) + O(F/R) 3 
where W(a/R) = 2,1044 - 2,0888(a/R) 2 + O(a/R) 4 • 
(20. 4) 
Thus U (and hence n) may be calculated via an iterative 
. procedure by assuming a value for n0 in equation (20. 4), 
then using a linear plot based on equation (20.3) to 
obtain a new value of n0 • 






experiments to test the validity of the above equations. 
They concluded that equation (2D.4) describes the 
effects of container walls very well provided that the 
correction is less than 10% of the measured velocity u. 
In contrast, their data contradicted the dependence of 
the fluidity~ on T 2 predicted by equation (2D.3). 
They found instead that a plot of ! vs T was linear and n 
that Turian's empirical relationship [79], ln n vs T 
provided an excellent correlation of their data for val-
ues of T up to approximately 250 [dynes/cm 2 ]. The zero 
shear viscosities predicted by the two methods were in 
excellent agreement. Subbaraman, Mashelkar and Ulbrecht 
[82] reviewed the extrapolation procedures used in falling 
sphere viscosity. These authors concluded that an extra-
polation procedure based on equation (2D.3) has the best 
theoretical basis and is thus the most appropriate. 
However, it appears that they too plot their data on a 
basis of~ vs T, rather than T 2 • They also found that n0 
values obtained using this method and Turian's empirical 
method were in close agreement, differing by less than 
4% for six different polymer solutions. 
In the light of the above discussion, the procedure 
used to obtain the zero shear viscosity is as follows: 
U
00 
was calculated from equation (2D.4), using an assumed 
value of n0 , and was used to calculate n (n = F/6~aU00 ). 
Plots of both ln n vs T (Turian's proposal [81]) and.* 
vs T (after Cygan and Caswell [80]) were prepared, 
straight lines were fitted to the data and extrapolated 
to zero shear stress. The zero shear viscosities cal-
culated from the intercepts were then inserted in equation 
(2D.4) and the procedure repeated. Provided that 











3A EXPERIMENTAL APPARATUS 
3A.l The Velocity Measuring Apparatus 
The major experimental apparatus used for obtaining 
velocity data is shown in the photograph, Figure 3-1 and in 
the schematic diagram, Figure 3-2: 
(i) A and B are two DC electric motors (Bodine Electric 
Co., Chicago, Illinois) and their solid state variable speed 
controllers (Minarik Electric Co., Los Angeles, California). 
The motor A is rated at 1/15 HP and gives a speed range of 
approximately 25 - 1120 rpm at the shaft C via the pulley 
system. Motor B is rated at 1/50 HP and is equipped with 
a 10:1 reduction gearbox. Combined with a 3:1 stepdown 
pulley system, this motor gives a smooth-running speed range 
of approximately 12 - 163 rpm at the shaft. The smaller 
motor was used to rotate the sphere or disc under study. 
The torque available, even at low speed and in the most 
viscous experimental liquid used, is considerably in excess 
of that required to rotate the shaft. 
(ii) c is a removable base plate supporting the two 
adjustable bearings holding the shaft. The construction 
of the shaft and its attached disc or sphere is to be 
described later • 
(iii) D is a tank containing the experimental fluid. 
(Water is shown in the picture, for greater clarity.) The 
tank is constructed of ~~~ perspex. The height is 40,6 em; 
length and breadth are both 38,1 em. A smaller cubical 
perspex tank with sides of 30,5 em was also used. A 
graduated strip of masking tape on the left of the tank 
facilitated the accurate vertical positioning of the light 
beam. The back and right hand side of the tank were covered 





• FIGURE 3- 1 THE VELOCITY MEASURING APPARATUS 
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scattering and reflection. The top of the tank was also 
at times covered with a black sheet of cardboard to provide 
greater contrast with the aluminium particles in the solu-
tion. 
(iv) E is a light source consisting of a 500 W quartz-
halogen projector lamp which is cooled by a small fan. An 
aluminium reflector and an ordinary 5~" diameter magnify-
ing lens, shown at F, serve to intensify the light beam. 
The projector lamp, reflector and cooling fan are housed 
in the box shown at E. 
(v) G is a collimating system. This consists essen-
tially of a wooden box with an adjustable horizontal slit 
on two sides. The slits are faced with accurately cut 
1/16" aluminium sheeting. Generally, slit widths of 2 to 
3 rnrn were used. This system produces 
of light with thickness approximately 
and 8 rnrn at the far end of the tank. 
a horizontal sheet 
5 rnrn at the centre 
The adjustable 
platform H was used to locate the light beam at the de-
sired vertical position. 
(vi) I is a Nikon Photornic F 35 rnrn camera. A 24 rnrn 
f2.8 Auto Nikkor wide angle lens was used to obtain most 
of the data. No distortion was discernible with this lens. 
A 105 rnrn f2.5 lens was used for side view photographs in 
the dye tracer study and a waist level viewfinder was used 
for convenience when taking bottom view photographs. The 
camera could be moved to any desired horizontal or vertical 
position through the adjustable mounting system J. For 
preliminary studies (Run 7) a Zeiss Contaflex 35 mrn camera 
was used. 
3A.2 The Discs and Spheres 
The discs and spheres used in the experimental study 
are shown in Figure 3-3. The larger of the two spheres 
has a diameter of 6,98 ern. This sphere was manufactured 
by fixing a solid aluminium block to the %" diameter 













was then cut using an ordinary cutting tool in the lathe. 
The final shaping of the sphere was done with a specially 
constructed external radius arm cutting tool. 
The smaller sphere shown has a diameter of 4,15 ern. 
It was manufactured by drilling a billiard ball in a lathe 
chuck to ensure concentricity. The hole was tapped and 
the ball screwed onto a ~~~ diameter stainless steel rod • 
The upper end of the rod was inserted into a %11 diameter 
stainless steel shaft, with the exposed part of the rod 
and the sphere measuring approximately 16 ern in length. 
The sphere assemblies, mounted on the base plate as shown 
in Figure 3-l,.were sprayed with matt black paint while 
rotating slowly; this was to ensure an even layer of paint. 
The sphericity of both spheres was then assessed by making 
repeated measurements of the diameter using a Kanon vernier 
callipers graduated to 0,02 mm. In both cases, deviations 
from the mean sphere diameter were found to be well below 
0,1%. (The deviations were of the order of 0,02 - 0,04 mrn.) 
The small disc shown has a diameter of 4,15 em and a 
thickness of 0,8 mrn. It was constructed by fixing a ~~~ 
perspex disc to the end of a ~~~ stainless steel rod. A 
special flat-headed brass screw was used. The perspex 
disc was then turned to the correct diameter in a lathe. 
The thickness of the disc was reduced to 0,8 mrn using a 
special double edged cutting tool and the brass screw was 
turned flush with the bottom of the disc. This method 
of manufacture reduced wobble to less than 0,002 11 , as 
measured on a dial indicator guage graduated to 0,0005 11 • 
The other end of the ~~~ rod is inserted into a %11 diameter 
stainless steel shaft, the exposed length being approxi-
mately 16 em. The larger disc is 7,07 em in diameter and 
0,8 mm thick. It is manufactured of perspex sheeting in 
a manner similar to that of the smaller disc, except that 
it is directly attached to a %11 diameter shaft. Final 
alignment of the discs and spheres took place in the actual 







within 0,005". All eccentricities were measured using the 
dial indicator guage; diameters and thicknesses were 
measured with the vernier callipers. 
The shafts and their attached discs and spheres were 
sprayed matt black as described earlier. The centres of 
the discs and spheres were marked with an aluminium paint 
spot approximately 1 rom in diameter • 
A perspex grid was used to obtain the scale of en-
largment of photographs, as will be described later. This 
grid, also sprayed black, is shown. The markings are 1 em 
apart and the brass rod is used to position the grid in 
the tank. The grid is held in position by clamping the 
brass rod to the base plate, shown at C in Figure 3-1, with 
a bull clip. Also shown are the stirrer and rod used to 
mix the solutions. 
3B EXPERIMENTAL PROCEDURES 
3B.l Preparation of Solutions 
The experimental solutions were prepared by filling 
the perspex tank to a calibrated mark with water, a volume 
of 53,7 ~ in the larger tank shown in Figures 3-1 and 3-2. 
The amount of Natrosol 250 H (hydroxyethyl cellulose, 
Hercules Inc., Wilmington, Delaware) powder necessary to 
give the desired concentration was weighed correct to 
0,1 g. The large motor was started with the stirrer turn-
ing at approximately 600 rpm and the Natrosol powder was 
sprinkled into the vortex as rapidly as possible. The 
controller was then set to give maximum speed (approximately 
1000 rpm) and at maximum torque to produce a uniform dis-
persion of the powder. The Natrosol powder dissolved, with 
a corresponding viscosity increase, within 30 -. 40 minutes. 
Mixing was continued for a total time of at least 1~ hours 
to ensure the homogeneity of the solution. At the end of 
the mixing stage, a clear solution was obtained except for 








viscous liquid. The solution was left to stand for 12 - 24 
hours to allow the bubbles to rise to the surface. The 
tank was covered during this period to minimise the forma-
tion of a surface skin due to evaporation. 
After the complete elimination of air bubbles, the 
temperature of the Constant Temperature Room, in which all 
experiments were performed, was raised to 23 - 24°c. The 
liquid in the tank was stirred at 300 - 400 rpm, both to 
break up and dissolve any surface skin which might have 
formed and to speed up heat transfer to the liquid. A 
fan heater was used to raise the temperature of the polymer 
solution to the required 25,0°C. All temperatures were 
measured with a standard thermometer, graduated to O,l°C. 
Because of the large heat capacity of the system (54 ~ of 
liquid in the tank) , it took approximately 3 hours to raise 
the temperature of the liquid by 4°C. An advantage of the 
large heat capacity was that the temperature could be main-
tained at the desired value (25,0°C ±O,l°C} for several 
hours, provided that the ambient was maintained within 1°C of 
2soc. Thorough stirring ensured that the temperature gradient 
within the tank was negligible (i.e. less than O,lOC). 
At the end of the heating period, 1,2 to 1,5 g of 
aluminium powder (200 - 300~) was added to the solution. 
Stirring was continued until a uniform suspension of the 
particles was obtained. The settling velocities of these 
particles are extremely small. In the least viscous solu-
tion used the particles took several hours before settling 
out, and in the more viscous solutions, the majority re-
mained in suspension for 8 - 10 hours. It could thus be 
concluded that the settling velocities, compared with the 
measured velocities, are completely negligible. 
After the dispersion of the aluminium particles, the 
stirrer was replaced by a disc or sphere assembly and 
falling sphere viscosity measurements were taken. The 





optimal. A thinner beam of light was unsatisfactory as 
the alminium particles passed in and out of the light too 
rapidly to produce satisfactory photographic streaks. A 
thicker beam increased the uncertainty of the z position 
of the particle. The horizontal light beam was then 
centred on the equator of the sphere in preparation for 
measurements in the z=O plane. A small degree of weak 
diffusion of the light beam was evident, but this did not 
prove troublesome in positioning the beam. In order to 
provide maximum contrast between the aluminium particles 
in the light beam and the background, all lights other 
than the light source were switched off (the room has no 
windows). The perspex grid shown in Figure 3-3, was 
lowered into the centre of the light beam and held in a 
horizontal position by clamping the brass rod to the base 
plate C shown in Figure 3-1. This was done slowly so as 
to avoid introducing air bubbles into the liquid • 
The camera was loaded with Kodak Tri-X film (ASA 400, 
36 exposures) and was mounted as shown in Figure 3-1. It 
was then focussed on the grid and positioned directly 
beneath the centre of the sphere, as seen through the lens. 
It should be noted that great care must be taken to focus 
correctly as the aperture is often at its maximum, with a 
corresponding minimal depth of field. This positioning 
of the camera was necessary in order to eliminate parallax 
error when finding the centre of the sphere on the photo-
graph. A photograph of the grid was then taken. As de-
scribed in section 3B.4, this photograph was later used to 
find the scale of magnification when printing photographs 
in that particular,z plane. The grid was raised to the 
surface of the liquid and clamped in that position in order 
to avoid interference with the flow field. 
At this stage, the smaller motor was switched on to 
rotate the shaft and the speed was adjusted to the value 
of 15,0 rpm at which all experiments were conducted. A 







Diameter [em] 0,15875 0,23813 0,31750 0,47625 
Density [g/cm 3 ] 7,784 7,786 7,768 7,731 
According to the manufacturer's specifications, deviations 
from the mean sphere diameter are less than 0,00004 em 
(less than 0,06%)·. The densities were measured by weighing 
a number of spheres accurately and calculating the volumes 
from the given diameters. 
In order to avoid the transfer of large volumes of 
the highly viscous Natrosol solutions, the falling sphere 
experiments were conducted without removing the liquid from 
the tank. The spheres,were dropped approximately 6,5 em 
from each of two sides of. the tank. The fall times between 
two marks 26,0 em apart were measured using an Omega stop-
watch graduated to 0,1 sec. The upper mark was approximate-
ly 6 em from the surface of the liquid while the lower mark 
was the same distance from the bottom of the tank. Two 
corresponding marks on the opposite side of the tank served 
to minimise errors of parallax. With this arrangement, 
corrections for the effects of container boundaries.were 
reduced to less than 2% of the measured velocity. (See 
section 2D for the th~oretical justification.) Only two 
or three readings were taken for each sphere size as the 
measured fall times were always within 1% of each other. 
3B.3 Taking of Photographs 
The procedure for taking photographs will be described 
as applied to the rotating sphere situation only; it is 
identical for the case of the rotating disc. The sphere 
was first centred in the tank of experimental liquid, which 
had been prepared as described in section 3B.l The colli-
mating system was then adjusted to give a light beam with 






When preparing the Natrosol solutions, care must be 
taken to stir the solution for an extended period of time 
(at least 1~ hours) to avoid the problem of "incomplete 
mixing". This manifests itself as an apparently homo-
geneous solution which has a viscosity less than half that 
expected for the concentration. Another problem encountered 
was that of biological degradation of the polymer solutions, 
usually discernible four to eight days after preparation . 
This manifests itself as a distinct yellowish discolouration 
of the liquid and a marked decrease in solution viscosity. 
Higher ambient temperatures, for example during summer, 
seem to accelerate the biodegradation. Small quantities 
of sodium azide or methyl p-hydroxybenzoate were added to 
the. solutions but these did not retard bacterial growth 
significantly. The probable reason for the failure of 
small quantities of these antiseptics to reduce biodegrada-
tion was the presence of an anaerobic waste treatment ex-
perimental plant in the adjacent laboratory which resulted 
in large quantities of bacteria being continuously present 
in the air. The use of distilled water did not improve 
matters, indicating that the bacteria were largely air 
borne. Rather than use larger amounts of the antiseptics, 
it was decided to do all experiments on a polymer solution 
within three days of preparation. Usually, experiments 
were completed within 48 hours of mixing. The viscosity 
of the solution was checked at the end of a run and a 
deviation of less than 2% was regarded as acceptable, this 
being within the probably error of measurement. 
3B.2 Measurement of Zero Shear Viscosity 
The falling sphere method of measuring the zero shear 
viscosity proved simple and satisfactory. The spheres used 
were stainless steel precision ball bearings. (Ransome 
Hoffman Pollard Ltd., Chelmsford, Essex). The diameters 






minute, was used for this purpose. Readings were repro-
ducible to within one division. A delay of about 20 
minutes (i.e. about 300 revolutions} was allowed before 
taking photographs of the moving aluminium particles so 
that the system could reach steady state condition. 
A series of 10 to 16 photographs of the moving 
aluminium particles was taken over a range of exposure 
times of ~ second to 10 seconds. The number of each 
photograph, the f stop and the exposure time were recorded. 
Exposure intervals greater than 1 second were measured with 
the stopwatch. The shutter speeds of the cameras were cali-
brated as described in Appendix D. The shorter exposure 
times of ~ and ~ second (nominal} were needed to measure 
the higher velocities of particles close to the moving 
sphere. The longer exposure times were used to measure the 
slower velocities farther from the sphere with comparable 
accuracy. A greater range of velocities was encountered 
in the higher z planes which cut the rotating sphere than 
was encountered in the lower z planes. These planes re-
quired a larger number of photographs in order to define 
the velocity distribution accurately. Photographs were only 
taken when several aluminium particles in the light beam 
were in a reflecting position. This reduced the number of 
photographs which had to be printed and analysed in order 
to obtain the velocity distribution in any one plane. How-
ever, enough photographs must be taken to obtain data close 
to the moving sphere. When a complete series of photographs 
had been taken in a particular z plane, the light beam_was 
lowered by 1,5 or 2,0 em, depending on the size of the 
sphere. The procedure described above was then repeated 
at the new z position. 
Rotational speed was checked at least once during a 
run, and at the end of a run. It was invariably found to 
be constant. Both the ambient temperature and the tempera-
ture of the experimental liquid were regularly checked. The 
ambient was kept as close as possible to 250 C so as to main-







0 ±0,1 c. Viscosity measurements were repeated at the end of 
ar~. 
The photographic films were processed immediately 
after all the photographs had been taken. Microdol X 
developer was used at a dilution of 1:3 to give maximum 
definition. A degree of overdevelopment enhances the 
contrast of the negatives and makes the analysis of the 
prints easier. The negatives were carefully examined as 
soon as possible after processing. If any negatives were 
spoilt or if more data were desired in specific regions 
of the flow field, additional photographs were taken. In 
this case, the viscosity of the solution was measured to 
check for signs of biodegradation. If no degradation had 
taken place, the additional data were obtained exactly as 
in the case of a fresh solution. Otherwise, the run was 
abandoned and a fresh solution prepared. 
3B.4 Printing and Analysis of Photographs 
The enlarger (Durst 600) was set up in a horizontal 
position so that the image could be projected onto a 
vertically mounted drawing board. The enlarger was aligned 
to ensure that the light beam was perpendicular to the 
drawing board. With this arrangement, prints up to 50 x 60 . 
em in size could be made. The photographic paper used was 
Kodak SWG 3 and Agfa BHlll-5. The hard grades were chosen 
to give maximum contrast; Kodak Dl63 paper developer, a 
2% acetic acid stopbath and Kodafix fixer were used for pro-
cessing· the prints. The prints were washed and air dried 
in the normal manner. 
In each z plane, the first print made was that of the 
1 em grid. Care was taken not to move the enlarger during 
subsequent printing so that the grid could be used to cal-
culate the scale of enlargement of all the pictures in that 
plane. Each print was numbered for identification with the 
earlier records of exposure times, which were kept when 







from 25 x 30 em to 50 x 60 em. The size depended on whether 
the region near the sphere was the sole interest or the 
whole field was required. Approximately 60 to 70 photographs 
were required to obtain the experimental velocity field in 
five different z planes. Two typical photographs, although 
at a lesser enlargement than that used for obtaining the 
data, are shown in Figures 3-4 and 3-5 • 
All photographs were pinned to a drawing board to 
facilitate work. The first step in the analysis of a set 
of photographs for a particular z plane was the measurement 
of the enlarged 1 em grid. The mean of several measurements 
was taken to obtain the scale factor, usually 3 to 4X full 
size, for the rest of the photographs in that plane. En-
largements to this scale served to reduce the relative 
errors in measuring streak lengths and distances from the 
endpoints of the streaks to the centre. 
The velocity measuring technique is based on the 
assumption that the photographic streaks are images of 
aluminium particles moving in the light beam throughout 
the interval during which the camera shutter remains open. 
Thus, for the correct interpretation of the streaks, their 
endpoints must be the result of the opening and closing of 
the shutter and not the result of entering or leaving the 
light beam during the exposure interval. The former streaks 
have well defined endpoints. A careful observation of the 
aluminium particles WJ.der experimental conditions reveals 
that the particles, which are of amorphous shape, appear as 
bright spots of light only when their orientation is such 
that they reflect the light toward the camera. Fading 
edges were thus sometimes due to a change in orientation 
of the particle. It could also be seen that particles at 
the edge of the light beam were considerably fainter than 
those near the centre. As a result of these observations 
and in order to minimise experimental scatter, only the 
brightest streaks with well defined endpoints were chosen 



















lengths were in the range 1 ern to 4 ern, a length of about 
3 ern being regarded as optimal. Streaks were usually 
about 0,5 rnrn wide. 
In the analysis of a photograph, the usable streaks 
were first identified in accordance with the criteria 
discussed above. The endpoints of these streaks were then 
marked to facilitate measurement with the apparatus shown 
in Figure 3-6. The centre of the sphere was located by 
the image of the dot of aluminium paint. In the lower 
Z planes, this dot was, in a few cases, somewhat indis-
tinct. A circular cardboard disc the size of the image of 
the sphere was then cut. This was fitted over the image 
and used to locate the centre of the sphere. A test of 
both methods showed that they agreed to within 1 rnrn on 
the enlargement; that is, the difference was less than 
0,3 rnrn full scale. 
Once the centre of the sphere had been marked, the 
centre pin of the measuring instrument was placed on the 
mark. The perspex base plate and the measuring arm were 
then placed over the pin, as shown in Figure 3-6. The 
distances from the endpoints of the streaks on the centre 
must be measured with the jaws of the measuring instrument 
closed. The jaws were used to measure streak lengths. All 
measurements were recorded as correct to 0,01 ern and the 
measuring arm was always moved in an anti-clockwise 
direction (i.e. the di_rection of flow as seen from the 
bottom of the tank) to obviate confusion. The number of 
the photograph and the nominal exposure interval were also 
recorded. Velocity data obtained with the above procedure 
are given in the next chapter. The errors and limitations 

















4A ZERO SHEAR VISCOSITY MEASUREMENTS 
For reasons given·in the review of the theory 
pertinent to the measuring of zero shear viscosities by 
the falling sphere method (Section 2D) , two methods of 
obtaining n0 are presented. The extrapolation procedures 
were outlined in Section 2D. 
I 
Figures 4-1 and 4-2 represent datd for the 0,90% 
Natrosol 250H solution and Figures 4-3 and 4-4 represent 
data for the 1,50% solution; both sets of data were 
obtained at 25° C ~ O,loc. The experimental method used 
is described in Section 3B.2; raw data and calculation 
procedures are detailed in Appendix E. The zero shear 
viscosities obtained via the two extrapolation procedures 
are given in Table 4-1. 
TABLE. 4-1 ZERO SHEAR VISCOSITIES [POISE] 
POLYMER SOLUTION CASWELL'S TURIAN'S PROCEDURE PROCEDURE 
0,90% Natrosol 250H 15,4 14,0 
1,50% Natrosol 250H. 145 133 
It is clear from Figures 4-1 to 4-4 that the 
experimental data are well represented by the straight 
lines. However, Turian's extrapolation proc~dure gives 
zero-shear viscosity values which are consistently about 
10% lower than those predicted by Caswell's procedure. 
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used for calculating dimensionless velocities in view 
of its superior theoretical basis. Huppler [83] also 
used a 0,9% Natrosol 250H solution in his experimental 
work, and obtained an n0 value of 13,7 poise using 
Turian's procedure. The value of 14,0 obtained in this 
work compares well with.his figure • 
4B ANALYSIS OF RAW VELOCITY DATA 
Consider the single streak on the schematic 
'photograph' show in Figure 4-5. An arrow is super-
imposed on the streak to show the direction of motion 
and the measuring arm is shown with jaws opened, as when 
measuring streak lengths. (See also the typical photo-
graph with the streak measuring instrument in position, 
Figure 3-6). The circle represents either the sphere 
or disc, 6~ is the angle in radians subtended at the 
centre of the circle and R; and R; are the distances 
from the end points of the streak to the centre. For 
clarity, the difference in the lengths R~ and R~ are 
exaggerated in the schematic diagram. 
In a cylindrical polar co-ordinate system (r', ~' z), 
the radial and tangential velocity components may be 
approximated by the equations 
vr, 
,... (R~ - R I) .l (4B.l) 6t 
and v~ 
(R I + R') 6<1> ~ 1 2 (4B.2) 2 6t ' 
where 6t is the exposure interval of the camera. These 
equations are equivalent to replacing the derivatives 
at a point by their finite difference representations 
in a neighbourhood of that point. However, 6x rather 
than ~~ (Figure 4-5) is measured, thus we have to use 
- 93 -• 
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FIGURE 4-5 SCHEMATIC DIAGRAM OF STREAK PHOTOGRAPH 
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the geometrical relation 
. -1 ( 6.x ) 6.$ = 2s1n 2R' , (4B.3) 
where R' = (R; + R~)/2. 
This geometrical relation may easily be deduced from the 
isosceles triangle shown in Figure 4-6; the mean radius 
R' is used for the length of the two equal sides. Thus 
2R' = F 
• -1 ( 26.x ) s1n R' (4B.4) 
Equations (4B.l) and (4B.4) were used to calculate 
the velocities from actual measurements. The various 
measured distances R{, R~ and 6.x were scaled down to 
allow for the fact that the photographs were enlarged, the 
· scale factor being found by measuring the size of the 
enlarged 1 em grid. (The experimental procedure is 
detailed in Section 3B). Dimensionless velocity comp-
onents were calculated using the relationships 
u' = V (pa) r' no (4B. 5) 
w = (4B. 6) 
These expressions derive from the theoretical analyses 
contained in Chapter .2., equations (2A.ll) and (2B.5) • 
All experimental velocity data were obtained at 
25,0° c and with the sphere or disc rotating at 15,0 rpm. 
In the case of the Newtonian fluid (Glycerol), the 
viscosity was measured using a Brookfield viscometer and 
was found to be constant over a range of shear rates, as 
expected. The zero shear viscosities of the non-
Newtonian fluids were measured as described in Section 








procedure being used. All densities were measured 
using a Baird and Tatlock pyknometer and the radii of 
the spheres and discs were measured as described in 
Chapter 3. A computer program was written to calculate 
the velocity components in dimensionless form, using the 
appropriate values of the radius, density, zero shear 
viscosity and angular velocity in equations (4B.5), 
(4B.6). Raw data and the calculated dimensionless 
quantities are tabulated in Appendix G. The dimension-
less velocity data are presented in graphical form in 
the next section. 
4C PRESENTATION OF EXPERIMENTAL VELOCITY PROFILES, 
AND COMPARISON WITH THEORY 
Experimental radial and tangential velocity profiles 
for four rotating sphere systems are presented in 
Figures 4-7 to 4-14 and profiles for two rotating disc 
systems are presented in Figures 4-15 to 4-18. Sources 
of error and experimental scatter will be discussed in 
Chapter 5. It should be noted that the measured radial 
velocities are about two orders of magnitude smaller than 
the measured tangential velocities, and are consequently 
plotted on a much larger scale. The absolute errors 
are magnified correspondingly. 
The theoretical curves presented in Figures 4-7 to 
4-14 were calculated using the theory presented in 
Section 2A, equations (2A.28), (2A.29), (2A.31) and 
(2A.38). The effect of the tank walls on the velocity 
data was estimated by using a suitable S value. The 
choice of a specific S value for a given ratio of tank 
size to sphere diameter is discussed in Appendix F. 
The curves for the Newtonian fluid (Figures 4-7 
and 4-8) were calculated with m• = a• = 0 in equations 
• 
TABLE 4-2 ROTATING SPHERE STUDIES 
FIGURES FLUID SPHERE DIA- TANK SIZE a no METER [poise] 
., 
4-7,8 Glycerol 4,15 em 38,1 em 10,1 7,09 
4-9,10 1,50% Natrosol 4,15 em 38,1 em 10,1 145 
4-11,12 1,50% Natrosol 6,98 em 30,5 em 4,8 145 
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(2A.28), (2A.29) and (2A.31}. The value of n0 and the 
other parameters in these equations were obtained by 
independent measurement; thus no curve fitting procedure 
was involved. 
The theoretical curves for the viscoelastic fluids 
were obtained as follows: The equations for the radial 
velocity profiles (u' vs r') were fitted to the experi-
mental data by doing a least squares regression on the 
parameter m' •. The value of the zero shear viscosity 
obtained by the falling spheres method was used to.· 
calculate L. The data were not weighted in any way and 
the points for all z planes were fitted simultaneously 
to give a 'best fit' m' value. The radial velocity curves 
are a function of m' only, but the tangential velocity 
curves (w vs r'} are a function of both m' and cr'. Thus 
the 'best fit' m' value based on the u' vs r' data was 
assumed in the equations for w, and a fit of the tangen-
tial velocity data was obtained by doing a least squares 
regression on cr• only. Again the data were not weighted 
and all planes were fitted simultaneously. The curves 
for a Newtonian fluid (m' = cr' = 0) with viscosity equal 
to the zero shear viscosity are shown for comparative 
purposes. Table 4-2 summarises the information relevant 
to each of Figures 4-7 to 4-14. The significance of 
these results will be discussed in Chapter 5 • 
Experimental velocity profiles for the rotating 
disc are presented in Figures 4-15 to 4-18. The theore-
tical curves superimposed on the radial velocity data 
were calculated from the theory for the rotating disc 
presented in Section 2B. A least squares regression was 
performed to obtain a best fit value for the parameter 
m'. The theory is strictly valid for an infinite sea 







No theoretical solution for the tangential velocity 
component of the flow about a disc rotating in a visco-
elastic fluid is available and the Newtonian primary 
flqw curves (L = O) are presented merely for comparison. 
Table 4-3, on page 105, summarises the information 
pertinent to Figures 4-15 to 4-18 . 
4D THE DYE TRACER OBSERVATION 
A brief dye tracer study was undertaken, using the 
6,98 em sphere in the 38,1 em tank filled with a 0,90% 
Natrosol solution. Some black Indian ink was mixed 
with a small quantity of the Natrosol solution and an 
18 em hyperdermic needle was used to inject this mixture 
into the tank at a number of places. The sphere was set 
in motion at 15,0 rpm and a number of photographs of the 
developing dye patterns were taken over a period of 2~ 
hours. A steady dye pattern evolved only about 1~ hours 
after the commencement of the run and a fair amount of 
diffusion had taken place by that time. The photographs 
shown in Figures 4-19 and 4-20 were taken about 20 
minutes and 2~ hours after the commencement of the run 
respectively. It is clear that considerable diffusion 
had taken place at the time that the second photograph 
was taken, but the nodal positions (following the theory 
of Thomas and Walters [45]) were still discernible and 
are as marked. The radii of the nodal positions were 
measured from this and three similar photographs, all 
taken 2 to 2~ hours after the injection.of the dye to 
ensure steady state conditions. The dimensionless radii 
of the nodal positions above and below the equatorial 
plane are r(n) = 2,8 ± 0,2 and 3,2 + 0,2 respectively. 
The radii measured in the upper region were consistently 
smaller than those measured in the lower region. These 




F IGURE 4.- 19 DEVELOPING DYE PATTERNS 





distances greater than ntre, the maxi-
mum relative error fro ation was found 
to be about 3%. This category incl des more than 90% 
of the data. The av rage error f these data was 
certainly less tha For dat closer to the centre, 
the error may be greater about 40%) , but very 
few data points to the centre of the 








DISCUSSION OF RESULTS 
SA DISCUSSION OF EXPERIMENTAL ERRORS 
Following Hill's approach [65] in discussing 
experimental errors in a very similar system, these 
errors will be divided into systematic errors, random 
errors and error generating approximations in the 
analysis and taking of data. 
SA.l Systematic Errors 
The tolerances on the discs and spheres were dis-
cussed in Section 3A. The rotational speed of 15,0 rpm 
used was found to remain constant to within 0,1 rpm 
during a run, an error limit of less than 1%. Tempera-
ture variations during a run were of the order of 0,1° C, 
as were temperature gradients within the tank. Variations 
in the velocity field due to temperature changes are 
thus negligible. 
Errors in the location of the centre are of the 
order of 0,3 - 0,5 mm on an enlarged photograph. More 
than 90% of the data were taken at distances greater 
than 6 ems (enlarged photograph) from the centre; thus 
a maximum error of 1% ·in the radial position is intro-
duced for these data. 
Exposure time intervals of ~ sec. to 10 sec. were 
used. For exposure times of 1 sec. and less, the camera 
speed settings were used. The nominal exposure inter-
vals were calibrated as described in Appendix D, and 
the maximum deviation from the mean exposure time for 
each camera setting was found to be less than 2%. Time 







.watch and the reaction time error is probably about 
0,2 sec. 
The scale of enlargement of each set of photographs 
in each z plane was found by measuring the size of the 
image of a 1 em grid. The mean of three or four readings 
was taken and the resulting scale factor is a~urate to 
within 1%. While a 1% error in the scale factor leads 
to a similar error in the measured velocities, the 1% 
systematic error in the calculated radial position can 
lead to a discernible displacement of the experimental 
data in regions where the velocity profile is very 
steep. No distortion of the grid was apparent on any 
photographs, indicating that no optical distortion was 
present. 
SA. 2 Random Errors 
The principle sources of error in the measuring of 
streak lengths (and hence tangential velocities) lies in 
the inevitable diffusion of the edges in an enlarged 
photograph and the limitations of the measuring instru-
ment. Tests showed that the total maximum error from 
these sources is 0,2 to 0,4 mm. The shortest streaks 
measured were approximately 1 em in length, and there-
fore the maximum error produced was approximately 4%. 
However, probably 80% of the data were taken from streaks 
of lengths 2 em to 4 em; thus the average error is 
about 1%. The error in the measurement of the radial 
position is of the order of 0,3 mm and may be ascribed 
to both the error in locating the centre and the error 
in measuring radial distances. This constitutes a maxi-
mum error of about 0,5% for more than 90% of the data. 
The radial velocities are measured by taking the 






of the streak to the centre. The measuring instrument 
is equipped with a vernier device and radial measure-
ments may be made to within 0,1 rnrn. A typical streak 
width is about 0,5 rnrn and some 30% of the streaks used 
have widths up to 1,0 rnrn. Judgment has to be used in 
locating the centres of. the streaks in making radial 
distance measurements; thus a random error of the order 
of 0,2 to 0,4 rnrn may be assumed to be common. The 
difference in measured radial distances ranged from about 
0,2 rnrn to 5,0 rnrn, depending on the actual radial velocity 
and the camera exposure interval. Consequently relative 
random error in the measured radial velocity ranges from 
about 8% up to 200%. 
5A.3 Approximation Errors 
An assumption which is basic to the experimental 
method is that particles illuminated by the light beam 
(which is 3 to 8 mrn thick) lie in a plane at the centre 
of the beam. However, errors due to this source are 
diminished by the fact that only the brightest streaks 
were chosen for measurements, and these are likely to 
have been near the centre of the light beam. Further-
more, both the tangential and radial velocities change 
comparatively slowly with axial direction. No qualita-
tive estimate of this source of error was made, but 
the smoothness of the .tangential velocity data indicates 
that it is of the order of the other sources of error_ 
for this component. Similarly, the relative error in 
the measured radial velocities due to this source is 
likely to be small. 
Equations (4B.3) and (4B.4) were used to calculate 
the velocities. These equations approximate the devia-
tions at a point by their finite difference representa-








distances greater than 6 em from the centre, the maxi-
mum relative error from this approximation was found to 
be about 3%. This category includes more than 90% of 
the data. The average error for these data was certainly 
less than 1%. For data closer to the centre, the error 
may be far greater (up to about 40%), but very few data 
points were taken close to the centre of the sphere or 
disc. 
SB REMARKS ON THE VELOCITY DATA 
Velocity profiles were measured for a sphere rota-
ting in Glycerol, a Newtonian fluid 8 as an independent 
test of the validity of the experimental method. The theo-
retical curves which are superimposed on the data in 
Figure 4-7 are indistinguishable from the primary flow 
curves and are clearly in excellent agreement with the 
experimental data. The smoothness of the data validates 
the error analysis presented in the previous section; the 
average error in the measured tangential velocity data 
shown is of the order of 1%. The radial velocity data 
(Figure 4-8) exhibit considerable scatter, but it is clear 
that the data are consistent with the theoretical curves. 
The tangential velocity profiles shown in Figure 4-9 
are for the sphere rotating in a lv50% Natrosol solution, 
with S = 10,1. The theoretical curves obtained from the 
Third Order analysis of Section 2A are in excellent agree-
ment with the experimental data throughout the flow field. 
That such a good fit is obtainable through the manipula-
tion of a single parameter, cr•, is a strong argtiment for 
the validity of the theory under the experimental condi-
tions. It is al~o of interest to note that even for the 
low value of L of 0,0022, considerable deviation from the 







pending radial velocity curves shown in Figure 4-10 are 
in good agreement with the experimental data, throughout 
the flow field, within the inherent experimental scatter. 
The smaller scatter of the radial velocity data, compared 
with that of the Glycerol data, is due to the fact that 
the actual velocities are about three times greater and 
thus relative errors are correspondingly smaller. There-
fore the results presented in Figures 4-9 and 4-10 show 
that the theoretical analysis provides a complete and 
consistent description of the flow field around the rota-
ting sphere in terms of only two non-Newtonian parameters, 
m' and o•. It should also be noted that the value of m' 
of 7,5 has a negligible effect on the tangential velocity 
profiles, as can be seen from Figure 2-8. This con-
clusion is consistent with the work of Kelkar et al [3] 
and Walters and Savins [60], who found that where both 
shear dependent viscosity and elastic properties are 
present in a fluid, the influence of the shear thinning 
parameter on torque measurements is far greater than that 
of the elastic parameter. 
The theoretical curves shown in Figures 4-11 and 
4-12 are also for a sphere rotating in a 1,50% Natrosol 
solution, but for a S value of 4,8 and L = 0,0175. The 
curves for both tangential and radial velocities are in 
good agreement with the data. However, it can be seen 
that in the lower z planes, there is a discernible dis-
placement (about 15%) of the theoretical curves relative 
to the data. The lack of a consistent fit throughout 
the flow field is due to the fact that wall effects are 
of great significance at this S value (as can be seen 
from Figures 2-3 and 2-4>and the presence of the cubical 
tank is being approximated by an outer concen~ric sphere. 
However, if the 'infinite sea' assumption -is used (i.e. 
wall effects are ignored) , the theoretical curves would 








of squared errors for the best fit to the tangential 
and radial velocity data increases by 20% and 60% respec-
tively. 
The results shown in Figures 4-13 and 4-14 are for 
the Sphere rotating in a 0,9% Natrosol solution, with 
L = 0,194 and S = 10,1. The theoretical curves and ex-
perimental data are in agreement. The scatter in this 
set of experimental data is greater than that in corres-
ponding sets of data for the 1,50% Natrosol solutions, 
but these results nevertheless confirm the earlier con-
clusions. 
The experimental velocity data for the large disc 
rotating in the small tank (equivalent to S' = 4,8; 
L = 0,0179) filled with a 1,50% Natrosol solution are 
shown in Figures 4-15 and 4-16. Only the Newtonian primary 
flow curves for the tangential velocity component are 
available and it can be seen that the displacement of the 
data relative to these primary flow curves is similar to 
that observed in the case of the rotating sphere (Figure 
4-11). The radial velocity data shown in Figure 4-16 
are in good agreement with the theoretical curves pre-
dicted by the Third Order analysis of Waters and King in 
the· upper three z planes, but the curves lie distinctly 
below the data in the lower three planes. This is clearly 
due to the fact that the theoretical curves are for a 
disc rotating in an infinite sea of fluid. The conformal 
map (see Figure 2-16) predicts an increase in the radial 
velocities in the lower z planes when the disc rotates 
within an outer nearly spherical container at 8' = 4,8. 
Thus, if wall effects are accounted for, the theoretical 
curves agree with the data throughout the flow field. 
The tangential velocity .data shown in Figure 4-17 











B• = 10,1 and L = 0,194. The Newtonian primary flow 
curves are shown, and again it can be seen that the 
displacement of the data relative to the primary flow 
curves is similar to that for the rotating sphere shown 
in Figure 4-14. Agreement in the z = 0 plane is good, 
but there is a discernible deviation in the lower z 
planes. This is only partly ascribalbe to wall effects, 
as these are small for B' = 10,1. It is possible that 
an experimental error occurred in the location of the 
lowest z plane, leading to a systematic displacement of 
the data. 
sc REMARKS ON THE VALUES OF THE MATERIAL PARAMETERS 
The theoretical curves shown in Figures 2-3 and 2-4 
show that the velocity profiles around a sphere rotating 
in a tank whose walls are approximately 4,8 radii from 
the centre are substantially different from those that 
would occur in a much larger tank in which the wall 
effects may be neglected. Under these circumstances, no 
meaningful comparison of the experimental and theoretical 
velocities can be made unless wall effects are accounted 
for. However, for B = 10, the error involved in cal-
culating m' and a• values based on the infinite sea 
assumption are small, as is illustrated by the following 
table. · The values given are for the sphere rotating in 
the 1,50% Natrosol solution, with B = 10,1 and L = 0,0022. 
TABLE 5-l VALUES OF m' AND a' FOR B= 10,1 AND B = oo 
B m' I:e 2 (u') a• I:e 2 (w') 
10,1 7,5 0,217 X 10 
-5 
96 0,0510 







No attempt at a rigorous statistical analysis was 
made, but it can be seen that the error in the calculated 
value of cr• incurred by ignoring wall effects is of the 
order of 1%, whereas the corresponding error in m' is 
about 5%. This conclusion is consistent with the theory 
(Figures 2-4 and 2-6) which show that the radial veloci-
ties are more sensitive to wall effects than the tangen-
tial velocities. 
The non-Newtonian parameters of the 1,50% Natrosol 
solution have been measured in two rotating sphere systems 
and one rotating disc system. It is of interest to com-
pare the values of m and cr obtained, as distinct from the 
dimensionless quantities m' and cr' which include geo-
metrical factors, as is done in Table 5-2. 
TABLE 5-2 COMPARISON OF NON-NEWTONIAN PARAMETERS FOR 
1,50% NATROSOL 
System m' cr' m cr 
Sphere 1: L = 0,0022; e = 10,1 7,5 96 32 12,3 
Sphere 2: L = 0,0175; e = 4,8 2,3 13,1 28 13,5 
Disc: L = 0,0179; e = 4,8 2,5 - 31 -
The values of m and cr calculated from the data 
obtained in the above three systems are within 10% of 
each other. Taking into consideration experimental errors 
and the approximations inherent in the calculation of 
these, quantities, this is a good result. 
Following Kelkar et al [3], ·we can compute a natural 








m 0,22 = - = sec. no 
cr 
0,29 tc = = sec. n 
0 
The value of tn is within the range of values determined 
by Kelkar et al for a number of fluids. The tc value 
cannot be compared with their values as it is defined in 
terms of different material parameters. These values were 
calculated from the values of m and cr obtained from the 
first sphere system as these are the most accurate. The 
Weissenberg number (Wi*) and Viscosity number (Vi*) for 
these systems are 
w * = t n i n = 0,35 
and v * = t n i c = 0,46 
The parameters for the 0,9% Natrosol solution were 
measured in a rotating sphere and a rotating disc system. 
The parameter m' was also calculated from the results of 
the dye tracer study. In this experiment, the 6,98 em 
sphere was used in the 38,1 em tank and wall effects were 
considerable. Thus equation (2A.29) was used to calculate 
m; by trial and error, with e = 6,0; r = r(n) = 3,2 
(measured) and 8 =arc. sin (2/3). A value of 0,17 was 
obtained. The results of the three methods are given.in 
Table 5-3 for comparison. 
TABLE 5-3 COMPARISON OF NON-NEWTONIAN PARAMETERS 
FOR 0,9% NATROSOL 
System m' cr' m cr 
Sphere: L = 0,194; 8 = 10,1 0,57 0,33 2,5 0,40 
Disc: L = 0,194; s = 10,1 0,50 - 2,2 -









The values of m obtained from the different 
systems agree well with each other, despite the amount 
of scatter in the radial velocity data. The natural time, 
characteristic time, Weissenberg number and Viscosity 
number for this fluid are 
= 0,16 sec 







50 CONCLUSIONS AND RECOMMENDATIONS 
0,25 
0,25 . 
The following are the major conclusions which may 
be drawn from this work. 
(i) The constitutive equations for a Third Order fluid 
provide a quantitatively correct description of the be-
haviour of two non-Newtonian experimental fluids, acqueous 
Natrosol 250 H solutions at concentrations of 0,9% and 
1,50% in the non-viscometric flow about a rotating sphere. 
This conclusion is valid for a range of dynamic situations 
within the slow flow conditions obtaining in the experi-
mental work, i.e. for values of L less than 1,6. 
(ii) The non-Newtonian material parameter m, which arises 
out of the Third Order.fluid analyses, was determined in 
the geometrically dissimilar non-viscometric flows about 
discs and spheres and under different dynamic conditions 
(i.e. different values of L). The values of m determined 
in the different situations are in agreement with each 
other (within 10 to 16%), within experimental error and 
the approximations used in calculating m. 
The Third Order fluid parameter a was measured under 
two dynamic conditions. The two measured values were 






It may thus be concluded that true material para-
meters were obtained in the non-viscometric flows. The 
values obtained in one experimental system could be used 
to predict quantitative flow behaviour in a geometrically 
and dynamically different system providing that conditions 
were restricted to the slow flow regime . 
(iii) The proposed application of the conformal mapping 
technique predicts velocity profiles for the rotating 
disc which are in agreement with those predicted by a 
rigorous analysis, except in the region near the edge of 
the disc. The map may thus be used to estimate the 
influence of container walls on the velocity profiles, in 
the absence of a rigorous analysis of the flow about a 
disc rotating within a finite container. 
(iv) The experimental method used, that of streak photo-
graphy, is able to provide accurate tangential velocity 
data in clear fluids. However, radial velocity data can-
not be measured with comparable accuracy and a large number 
of data points are required in order to obtain a statis-
tically meaningful result. 
The following recommendations are made. 
(i} Kelkar, Mashelkar and Ulbrecht [3] have used discs 
and spheres rotating i~ viscoelastic liquids as physical 
models in the study of the dynamics of the mixing of 
these liquids by more complicated shaped agitators. 
Using this approach, and known Third Order fluid analyses, 
these authors proposed successful correlations for the 
power consumption in the mixing of viscoelastic liquids 
in terms of the non-Newtonian material parameters, but 
excluding the effect of container walls. Using this 
approach, the analysis presented in Section 2A may be used 








(ii) An attempt should be made at establishing the upper 
bound to the range of applicability of the Third Order 
fluid analyses by measuring comprehensive sets of velocity 
profiles under more rapid flow conditions. The limitations 
imposed by the perturbation method used in obtaining a 
mathematical solution must be borne in mind. 
Under more rapid flow conditions, shear rates would 
be higher and may well overlap the lower range of shear 
rates attainable in commercial viscometers significantly. 
It would then be possible to make a quantitative comparison 
of the material parameters measured in the viscometric and 
the non-viscometric flow situations. 
(iii) The experimental method would be considerably im-
proved by the. use of small, highly reflecting, particles 
of uniform size and shape. Uniform aluminium spheres in 
the size range 200 ~ to 250 ~ would be ideal, if these 





















Radius of the sphere or disc, em 
Rivlin-Ericksen tensors 
Matrix.representation of the nth Rivlin-
Ericksen tensor 
Components of the nth Rivlin-Ericksen 
tensor 
Physical components of the nth Rivlin-
Ericksen tensor 
Constants in the equation for H1 (r) 
Constants in the equation for F(~} 
Constants in the equation for H
3 
(r) 
Constants in the equation for G(~} 
Radius of the foci of the oblate spheroid, 
em 
Constant defined in equation (2A.l6} 
Constant defined in equation (2A.l6) 
First and second Oldroyd rate-of-strain 
tensors 
Function of ~, defined by equation (2B.ll) 
Functions of ~, defined by equations (2B.l4) 
G Function of ~, defined by equations (2B.l4) 
H Function of ~, defined by equations (2B.l3} 
H1 , H2 , H3 , H~ Functions of~, defined by equations (2B.l4} 
H
1 
(r), H3 (r) Functions of r, defined in Section 2A, 
pages 30 - 32 
I The unit matrix 



























Elastic parameter defined on page 35 
Dimensionless elastic parameter defined 
on page 26 
An arbitrary isotropic pressure 
A dimensionless isotropic pressure 
Matrix representation of the stress tensor 
Matrix representation of the deviatoric 
stress tensor 
Components of the deviatoric stress tensor 
Physical components of the deviatoric 
stress tensor 
Dimensionless physical components of the 
deviatoric stress tensor 
A function of Sand m', defined on page 27 
Function~ of B defined on page 27 
A function of B and m', defined on page 27 
Functions of S defined on page 27 
Dimensionless radial distance, spherical 
co-ordinates 
Radial distance in cm,spherical co-ordinates 
Dimensionless radial distance, cylindrical 
co-ordinates 
Radial distance in em, cylindrical co-ord-
nates 
A function of Band m', defined on page 27 



















Deviatoric stress tensor 
Associate Legendre functions, defined 
on page 29 
Dimensionless radial velocity in spherical 
co-ordinates, Section 2A, 
or 
Dimensionless ~ velocity component in 
oblate spheroidal co-ordinates, Section 2B 
Dimensionless radial velocity in cylindrical 
co-ordinates 
Dimensionless x and y velocity components 
in Cartesian co-ordinates, Section 2C 
Dimensionless x' and y' velocity components 
in Cartesian co-ordinates, Section 2C 
Radial physical velocity component in 
spherical co-ordinates, Section 2A 
or 
Physical ~ velocity component in the oblate 
spheroidal co-ordinate system 
Dimensionless e velocity component in 
spherical co-ordinates, Section 2A 
or 
Dimensionless n velocity component in 
oblate spheroidal co-ordinates, Section 2B 
Dimensionless axial velocity ~n cylindrical 
co-ordinates 
Physical e velocity component in spherical 














Physical n velocity component in oblate 
spheroidal co-ordinates, Section 2B 
Dimensionless tangential velocity com-
ponent in spherical co-ordinates, Section 
or 
Dimensionless tangential velocity com-
ponent in terms of oblate spheroidal co-
ordinates, Section 2B 
2A 
Dimensionless tangential velocity component 
in terms of cylindrical co-ordinates 
Physical tangential velocity component 
in spherical co-ordinates, Section 2A 
or 
Physical tangential velocity component 
in oblate spheroidal co-ordinates, Section 2B 
Dimensionless x distance in Cartesian co-
ordinates, Section 2C 
Dimensionless x' distance in Cartesian co-
ordinates, in the ~ plane, Section 2C 
Dimensionless y distance in Cartesian co-
ordinates, Section 2C 
Dimensionless y' distance in Cartesian co-
ordinates, in the s plane, Section 2C 
Dimensionless axial distance, cylindrical 
co-ordinates 
Axial distance in em, cylindrical co-ordinates 
Coefficients in the equations for the Third 
Order fluid 
Dimensionless coefficients in the equations 















Ratio of the radius of the outer sphere 
to that of the inner sphere, Section 2A 
Coefficient in the equation for the Third 
Order fluid 
Dimensionless coefficient in the equation 
for the Third Order fluid, page 26 
The expression for the couple on the 
sphere, page 33 
Function of B, defined on page 27 
Component of the oblate spheroidal co-
ordinate system, Section 2B 
Non-Newtonian viscosity 
Zero shear viscosity 
Component of the spherical co-ordinate 
system 
Component of the oblate spheroidal co-
ordinate system 
Fluid density 
Shear thinning parameter defined on page 35 
Characteristic shear stress, Section 2D 
Dimensionless shear thinning parameter, 
page 2"6 
Component of the spherical, cylindrical 
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CRITICISM OF MOW'S ANALYSIS 
Mow [50] considered the problem of a sphere 
rotating in an Oldroyd four-constant fluid contained 
in a concentric and coaxially rotating sphere. He 
obtained an expression for the tangential velocity 
given by the equations (in his nomenclature) 
w = (o) + R (1) w w , 
where w(o) = {K~ + ~)sine, 
R is the square of the Reynolds number, ~ is the 
dimensionless radius and K and L are constants related 
to the ratio of the radius of the outer sphere to the 
inner sphere·and to the angular velocities of the two 
spheres. Mow's final equation for w(l) is reproduced 
below. 
wm .., Ft(O) {m(l _ ... )L: [3Ct + 9C: _ 1l?C
4 
_ 9K _ 45L 
. oo ' r r · r ~ 
_ 44mL (t _ 'V _ 18 e)] + 11 [-~·c. ·- ! Cs _ 301 + 3c.t rs 11 4r 2!' . 
. + ~ ~ + 12 m(l .... -v)LJ + KL [..:.. 30 + ~ Cat8 + ~ Cd" sr• 1 r, . • 2 4 
+ 3Kt + 3m(l ;;. -v )L ]} + pl~) { m(l. - 'Y )L2 [¥ ~· + ~~ 
9C'a · UK 5 L 36m ( 9 ) J - rt - 13C. - r - 3 re - urs 1 - "' + 2 E L 
. . 
+ L• [_c. _ c2 _ ~ c _ 13 c.r + ~ 1n r + 2m (I - -r >L] 
2(3 ar 4 3 6 7f4 ar 
~ 
+ KL[C• + Ca +! c.r' + Kt _ ~ ~ _ 8m(l- -y)L]} 
2 r• 9 . 3 4r r ' 
This equation is reproduced from [50]. The equatio~, 
given by Mow in [85] is identical • 







m, y and E are dimensionless material constants and 
QKI.(/. 
the Ci are functions of the geometry of m and y only. 
The above expression for w(l) shouldAsatisfy the 
boundary conditions. In particular, at the inner 
sphere, 
w(l) (1,0) = 0 
However, if ~ = 1 is substituted in the equation for 
w(l), it is found that w(l) (1,0) ~ o. This point is 
most easily illustrated by examining the terms contain-
ing t. We have 
- 44mL 
18 















APPENDICES TO THE ANALYSIS CONTAINED IN SECTION 2A 
Bl The Rivlin-Ericksen Tensors in Spherical Polar 
Co-ordinates, to First Order in L 
In a general curvilinear co-ordinate system, the 




(i,j = 1, 2, 3; = 1, 2, • • • N) 
where vi and vi (i = 1, 2, 3) represent respectively 
the covariant and contravariant velocity components in 
the xi co-ordinate system and the commas denote covariant 
differentiation [42]. That is, 





axj 5. ~1 v. , Ll.J l. 
where [ j~ ~ is the Christoffel symbol [ 1]. 
(Bl.3) 
The physical component~ of a tensor (generally of 
mixed order), denoted ·here by affixes in parentheses, are 
related to its components in an orthogonal curvilinear 
co-ordinate system by the equation 
A (ij ... ) 





= l. J 
hh r s 
rs ... 








For a second order tensor Aij, A .. 
l.J 










Thus in a spherical co-ordinate system (~, 8, ~) the 
physical components of the velocity vector v(r
1
), v(S), 
v(~) are related to is covariant and contravariant com-
ponents by the equations 
v (r 1) = 
vi = v1 
v(8) = r v
2 
1 = v2/r1 (Bl.7) 
v (~) = r 1sin8v
3 = V 3/r 1sin8 
The only non-vanishing components of the Christoffel 
symbols are 
le~ 1 J = -r1, {~~1 l = -r 1sin 28 
[~ 18 ~ l ~r1j {~.~ ~ = f !r,J = 1 (Bl.8) = = I r1 
{~: J = sin8cos8, {.:~ f = {:a\ = cote 
and the scale factors are given by 
h = 1, h = r , h = r sinS 
1 2 1 3 1 
(Bl.9) 
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All = . I 
ax' 
equations (Bl.6) and (13"1.9) give 
(1) av(rl) A = 2 rlrl ar 1 
Similarly the rest of the components and physical 
components of the first Rivlin-Ericksen tensor A(l) 
be obtained. 
may 
The components of the second Rivlin-Ericksen tensor 
are obtained from equation (Bl. 2) and a knowledge of 
the components of A ( 
1
) • For example 
A ( 2) A ( 2) 
a A< 1 > a A< 1 > aA <)J/ 
v' 1 3 + v2 1 3 +~ = = r<j> 1 3 ax' ax 2 ax 3 
+~+ 
{ 
A(~ A(l)a,'() + 
ax 3 ~~ 1 ax3 
+ A(1)av' + 
13 ax' 
A(1)g + 
27 ax I 
A(l)av 3 
33 ax' 
The first four terms crossed out are zero by axial 
symmentry and the fifth is of order L2 and therefore. 
neglected. After substitution from the expressions for 
the components of A(
1
), use of equation (Bl.7) and the 
expressions for the dimensionless velocity components 
(equations (2A.l7), Chapter 2), the following equation, 
to first order in L, is obtained: 
= 











The other components for the second Rivlin-Ericksen 
tensor are similarly obtained. The third (and con-
sequently all subsequent) Rivlin-Ericksen tensor 
vanishes as all the components are of order L2 or 
higher • 
B2 The Differential Equation for X1 
Substituting from equations (2A.22), the equations 
for the Qimensionless physical components of the stress 
tensor, into equation (2A.l2), the r component of the 
equations of motion, and discarding terms of order L2 
and higher, we obtain: 
L (~ + or)
2 
sin 28 = ~* L a [ ( 2 au -- ar + rr r2 1 r r2 r2 ar 
18a'C2sin28 9a'C 2sin28 ) ] + 2 + rs rs 
+ L a [ . (1 au 
rsin8 ~ S 1 n8 r ~ 




= 1 ~i; r 2 sin8 a8 
. 2 












36C 2sin 28(2aj + a3) 
r' 
+ L a [cote ax1 
rsin8 ae r3 ae 
! a'x, J · ax + [ - 2cos8 1 L -- + 
r ar2 ·. r 3 sin 28 ar 
4 axl 2cos8 ax 1 J . --+ 
r 4 sin8 ae r 3 sin28 ae 
2 a2x 1 
r 3 sin8 a ear 
This equation may be simplified by differentiating the 
second term on the R.H.S. with respect to r and 
collecting like terms to give the following equation: 
L 
( 
c )2 + Dr 
r2 
= sin 28 
r 
1 a 2x 1 J ----
r2 ar 2 
C2 . 28 s 1 n (72a' + 45a') 
r 1 - 2 3 
(B2.1) 
Similarly, equation (2A.l3) for the 8 component of the 





The quantity p* is eliminated from the problem by cross-
differentiating equations (B2.1) and (B2.2): 
Dividing equation (B2.1) by L and differentiating with 







~ (£__ + Dr)2 sin8cos8 = - !. ~ r r2 L aaar 1 J.: [a
2 x1 ------ ~ 
r 2sine ae 2 ar 
2C 2sin8cos8(72a' + 45a') 
2 3 (B2. 3) 
Dividing equation (B2.2) by rL and differentiating with 
respect to r gives 
(
c )(-2c ) _ _1 a 2 n* 
· - L ara a -2 --r2 + Dr ---r3 + D sin8cos8 - ~
1 a2 [ a2x1 + _!. a2xl - cote ax~] 
+ sine ar2 -a;; r2 38 2 r2 aa 
54a;c sin8cos8 
+ --------------
~ Now arae = 
32n* aear by the continuity of p*. 
Thus, subtracting (B2.4) from (B2.3), we obtain 
equation (2A.24): 
= ( 6C2 + ~- 144C2m•) sin28cose, 
rs r2 r7 
where the operator 
l 











B3 The Solution to the Differential Equation For X 
The stream function X is defined by the equations 
1 ax1 
-r-2 _s.;;;i_n_a --n- ; = I 
where X= LX 1• The boundary conditions are: 




Using equations (B3.1), the boundary conditions become 
X (1,8) 
1 = 0 4 
Try a solution to equation (B2.5) of the form 
where f(r) is a polynomial in r, say rn [ 85]. 
Thus i X1 
a2x 1 a2x1 cot a axl = __ 1+ ---~- ---
ar 2 r2 aa 2 r2 a a 
= 
and 
n-4 2 n (n - 5) (n - 3) (n + 2) r sin acosa 
(B3.3) 
(B3.4) 
Considering the polynomial f(r) to have terms of the 
form anrn and comparing equation (B3.4) with equation 
(B2.5), we obtain the.following particular integral: 
In order to obtain the complementary function, we con-
sider the homogeneous equation 
.L2xl = o 
It is clear that this equation is satisfied by equation 
~ 








= 5 3 -2 2 (C + c r + c r + c r )sin acosa. 
1 2 3 ~ 
In·the nomenclature of Walters and Waters [47], this 
equation becomes 
A complete solution is thus 
- 2m' C2 ) sin 2 6cos6 
r3 2 















Hence P + Q 











r = 1 
r = a 
r = 1 
r = 1 
+ s 
+ s 
and r = f3 
and r = f3 • 
= c2 + 2m'c2 - CD 2 2 
2m'C 2 + 
CD 
- CDf3 





be reduced to three equations in P, Q and R by eliminating 
S from equations (i) and (ii). P, Q and R may then be 
found by using Cramer's rule [84] and S is obtained by 
substitution in equation (i). The solution equations 






B4 The Differential Equation For w1 
Equations (2A.22) for the physical components of 
the stress tensor and the expansion given by equations 
(2A.l7), to first order L, were used in order to 
obtain the following expressions for the various terms 
in the ~ component of the equations of motion, equation 
(2A.l4) : 
u d 
r rr<rw) = Lu 1 (- ~ 2 + 2Dr) sin8 
v a(wsin8) = 2Lv 1 (~ 3 + D ) cos 8 rsin8 ae 
and 
a(r 3p" ) 
(r~) 
ar = 4L-- ~ + Lr--- -- -
a (w) a 2 (wl) 162Lcr'C 3 sin 3 8 
ar r ar2 r r1o 
3La~Csin8 (a 2u 1 a ( v 1)) 
- ---- + 4cot8-- --
rs ar2. ar r 
- 6La~Csin8 (a 
2
u 1 a (u 1) a (v 1)) 
+ ar r + cotear r 
r 3 ar 2 





aw Lw 1 ( au a
2
u ) + !!_ ___ I + --- 3Lm'C 3coseae 1 + sine---1 
r 2 a8 2 r. r 5 d8 2 




. a 2 (vr1 )) s1.n8aear 
Equation (2A.l4) then becomes, after letting a' + a' = m' 
2 3 
and some simplification 
L~'(- ~ 2 + 2Dr)sin9 + 2Lv 1 (~, + D cose) 







a 2w 1 ---
rz aa 2 
- BlO -
Lw1 
r 2 sin 2 8 
162Lcr'C 3 sin 3 8 
r1o 
3Lm'Csin8 a
2u 1 12Lm'Ccos8 a 
ar (v~) ---ra ar 2 
3Lm'C ( au1 a2u ) 
3cos8ag- + sinS----1 + [terms A], 
r 5 aa 2 
where [terms A] 
a v) a2 (v1)J + cos a- (-L + sine---- --ar r aear r 
The continuity equation, equation (2A.l5), is 





1 + v1cos8) = o 
(B4 .1) 
Multiplying by ~ 2 and differentiating partially with 
respect to r, this equation becomes 
sinS (a 
2
u 1 + 2L(~)) + sinS~ (~ \ + cosaL (:v 1 ) = 0 ~ 2 ar r arae r) ar r or . 
Thus [term A] az v ) = O, since ---(--1 -arae r -
Dividing throughout by L and grouping terms 
equation (B4 .1) becomes 
a2w 2 aw cote aw 1 a












r 1 o rs ar 2 
12m'Ccose 2(v1)+ 3m'C ( au 
a 2u 
+ 3coseae 1 + sine--1) 
rs ar r rs ae 2 
The differential equation for w1, equation (2A.30) 
is obtained after substitution for u 1 and v 1 from 
equations (2A.28) and (2A.29) respectively. 
BS The Solution to the Differential Equation for w1 
(B4.2) 
The method of solution of the differential equation 
for w1, equation (2A.30), follows that of Thomas and 
Walters [45]. 
Equation (2A. 30) may be written in the form 






+ 24m'CP = 1 
Sr 9 Sr 9 re 
22m'C 3 + C(l8m'S- 3P) 
cs 
+ --- C(S + 4m'CD) 
Sr 7 Sr 6 Sr 5 Sr 4 
+ 2(QC + SD + 39m'CR) + 2(CD
2 + 2)r 
Sr 5 
+ DQr 2 + 7~D r~+ T (e)[36m'c' + 162a'C 3 
3 9 re r 
lSm'CP + 9m'.c
3 
+ C(P - 36m'S) 
cs 
+ --
re 2r 7 2r 6 4r 5 
3C(S + 19m 'CD) + S(PD- 9m'QC) 15C
2 D 
2r 4 rs 4r 2 
' 
where T1 (e) =sine, T3 (e) = sin
3 e- ~sine and the 









N (llJ) = d 
2 (rllJ) + ! a [·-1_ a (l1Jsin8) J 
~ 2 r ae sin8 ae or . (BS. 2) 
It is clear that N(w 1 ) = r x L.H.S. of equation (2A.30). 
For convenience, rewrite equation (B5.1) as 
N(w 1 ) = T 1 (8)f 1 (r) + T 3 (8)f 3 (r), where f 1 and f 3 
represent the appropriate terms in the square brackets. 
Let llJ = H(r)T(8) and consider the homogeneous 
equation 
N (llJ) = N (H (r)T (8)) = 0 
The variables may be separated: 
N (llJ) = + ~ _l ___ l_[a(Tsin8)] = r ae sin8 ae 
r Multiplying this equation by HT : 
= 1 a [ 1 if ae sine a (Tsin8) J ae 
0 
Each term in equation (B5.4) is independent of both 
(BS. 3) 
(B5. 4) 
r and e, hence each may be equated to a constant, say 
k. Thus 
c:F (rH) k H 0 - = 
dr 2 r 
(B5.5) 
and 
d [ 1 d(Tsin8) J + kT 0 d8 sin8 = ae (B5.6) 
(Total derivatives are used since each term has only 
one independent variable). 
It is convenient to let k = n(n + 1) where n is 







d [-1- d (Tsin8) J + 
d9 sinS de n(n + l)T = 0 
A well known solution to an equation of this form is 
dPn 
Tn = constant x ~ , where Pn is the Legendre 
polynomial of order n [84]. 
Hence 
and 
T 1 <a> 




sin 3 8 - !sin8 5 





Subst~tuting (B5.7) into (BS.l) and separating T1 and 
Ts : 
= N(H 1T1 ) + N(H 3T3 ) (N is linear) 
= T 1 [ f 1 ( r) ] + T 3 [ f 3 ( r) ] , i • e. the 
terms on the R.H.S. of equation (BS.l). 
Thus from equations (BS.l) and (BS.S) for n = 1 
-- = r 
and for n = 3 : 
-- = r 









may be solved by the method of Euler. The solution is 
















A2 are arb~trary constants. To solve the non-homogeneous 
equation (B5.9), we require a particular integral Y. 
The method of variation of parameters may be used: 
Postulate Y = ~ 1 (r)y 1 + ~ 2 (r)y 2 as a solution 
-1 2 to equation (B5.9), wh~re y
1 















l08a'c 3 24m'CP 
- 3 (66m' 
2C3 





llm'C 3 C(l8m'S- 3P) ca ---
lor'+ 15r 3 10r 2 
C(S + 4m'CO) 
Sr + 
(C0 2 + 2RC) r'+ + 
10 










1 f 1 (r) 3r 
3m'CP 22m'C 3 ---+ 
r 8 35r 7 
C(6m'S - P) _ ~ + C(S + 4m'CO) 
10r 6 25r 5 20r 4 
2(QC +SO+ 39m'CR) 2(C0 2 + 2RC) r 
5r + 5 









Thus we have a complete solution to equation (B5.9): 
y = rH 1 (r) = lltYt + ll2Y2 + Alyt +A y 2 2 
The arbitrary constants A
1 
and A2 are determined from 
the boundary conditions: 
Hl = 0 on r = 1 i.e. y = 0 on r = 1 
and Hl = 0 on r = 13 i.e. y = 0 on r = 13 
Hence equation (2A.32) for H1 (r) is obtained. The 
expression for H1 (r), equation (2A.33), is obtained 
in identical fashion. 
B6 The Equation for the Couple on the Inner Sphere 
If we let m' =a~+ a; and cr' = -2(a~ + 13~), the 
equation for p~r$) in equations (2A.22) can be re-








Equation (B6.1) is simplified by invoking the Weissen-
berg hypothesis, i.e. 2a~ + a; = 0 and thus the terms 
{ J= 0. If we now substitute for u 1 , v 1 and w1 
from equations (2A.28), (2A.29) and (2A.31), equation 
(2A.35) is obtained. 




(8) in equation (2A.35) 
does not affect the couple on the sphere since 
= 0 , 
by the orthogonality condition on T
3
(6) [84]. This term 









THE DERIVATIVE OF F(~) AND G(~) 
The functions F(~) and G(~) are expressed more 
simply as functions of ~' where ~ = sinh~, as was done 
in Section 2B. The derivatives are also obtained in a 
more convenient form by using the chain rule: 
dF(~) = 
d~ 
The derivatives in the brackets are obtained from 
the expressions for F1 , F2 and F 3 in Section 2B, and 
are as follows: 
dFc\~~) = [f<~o>] - 2 ·[2 ~~ 2 + 1- !<36~ 3 + 22~)cot- 1 ~ 
+ i<9~ 4 + 11~ 2 + 2)/(1 + ~ 2 ) 
11 4 2 -1 2 - ~(9~ + 14~ + 5).2.cot ~(1 + ~) 
+ !a (45~ 4 + 42~ 2 + 5) (cot- 1 ~) 2] • 
The function G(~) is defined by the equations: 








_- · ,. dG -
=- ~oshf; ~ dJJ -: 
-~ . ,. '-~ ... 
t c ~ ~ ' ' : I_• .· 
dH ( Jl) = ' A I . dH 1 ( Jl)- ' +.·A I dH 2 ( Jl) + dH 3 ( Jl) + dH 4 ( Jl) 
dJJ 11.. dJJ ·- 2 ' dJJ - dJJ - dJJ 
H1 , H 2 ~ H3 and H4 were defined in Section 2B, and the 
above derivat'i.ves are 'given by -· 
,, 
- ll3 (7p4 ·+.1JJJ2 + .6)/(f-+ JJ2) ' 
: •. ·. ! . . 
' : :2. . ...... - .. +"• • ~ l. ~ 
dH 2 (JJ) - s 8 . 2 - 4) - 1 2 3 dll = ~-:- Bll. · -··3JJ· +· 2 (3JJ + ·SJJ cot; JJ - JJ , 
dHtt(JJ) 
dll 
- , : ·; (. n :.:. - ... 
-1 
· · . 1 ... · ~ ~ ( 6 3ll 6 ;_+ 9 Sll 4 + 3 3l1 2 + 1) (cot - ll ) 2 
··+-~ll(9l1 6 + i9ll 4 +_11JJ 2 + 1)·:2~cot- 1 ll/(1 + ll 2 )J,. 
:. .:.J 
..... ,.. .... -, ...... ~ 
1 - ~ • ... 
= 2[f(f; 0 )]~ 2 [(1 ~ 4llCOt-~ •+ (1 + 2JJ 2 )/(l + l-1 2 )) 
... - .... '... . 
_+ .. <"}-} :-3_ll_,~.>. <_cot- 1 ll) 2- ~2l1cot- 1 JJ ]. 












CALIBRATION OF THE CAMERAS 
Two cameras were used to obtain velocity data, 
a Zeiss Contaflex and a Nikon Photomic F. The nominal 
exposure settings of~ sec., ~sec. and 1 sec. were 
calibrated, both to obtain the true exposure interval 
under experimental conditions (i.e. at 25°C) and to 
assess variations in the exposure interval for a given 
setting. 
The cameras were calibrated by photographing a 
large (9,5 em) black disc rotating at a known rotational 
speed. The disc was marked with a thin silver strip 
placed in the radial direction. Rotational speeds in 
the range 20 to 40 rpm were used, and were measured 
correct to 0,1 rpm. A number of exposures were made at 
~sec.,~ sec. and 1 sec. (nominal). The angle through 
which the silver strip rotates during the exposure 
could be clearly seen on the resulting photograph. 
These angles (in the range GOO to 1800) were measured 
with a large protractor, graduated to o,so, and used in 
conjunction with a knowledge of the rotational speed 
to calculate the true exposure interval • 
A total of five calibration runs were performed 
(three for the Zeiss and two for the Nikon camera) over 
a period of several months, with six or seven measure-
ments of each exposure setting for each calibration. 
The results from the various calibrations were consis-
tent, within the experimental erro~and thus the readings 
were combined to calculate the averages given below. 
The maximum deviation from the mean in all calibrations 
was 'less than 2%. Variations about the mean are probably 







as a reflection of changes inherent in the camera 
mechanisms. 
Results for Zeiss Contaflex: 
Nominal Exposure interval [sec] % ~ 1 
Actual Exposure interval [sec] 0,314 0,604 1,19 
Results for Nikon Photomic F: 
Nominal Exposure interval [sec] % ~ 1 








RAW DATA AND CALCULATIONS FOR ZERO SHEAR 
. VISCOSITY MEASUREMENTS 
The data obtained from the falling sphere experi-
ments are presented in Table E-1 • 
TABLE E-1 FALLING SPHERE DATA 
SPHERE DIAMETER FALL TIMES MEAN VELOCITY, u 
[em] [sec] [em/sec] 
0,90% Natrosol 250 H solution 
0,15875 29,0; 29,0 0,897 
0,23813 11,1; 11,0; 11, 2,34 
• 
0,31750 5,3; 5,5; 5,5 4,78 
1,50% Natrosol 250 H solution 
0,15875 303,0; 300,0 0,0862 
0,23813 119,6; 119,0 0,218 
0,31750 60,8; 60,4 0,429 
0,47625 22,7; 22,5 1,15 
. . 
According to the theory reviewed in Section 2D, the 
wall effect correction factor to the velocity of a 
sphere of radius a falling at the centre of a·tube of 
radius R is given by 







where F is the net hydrodynamic force. The initial 
value of n 0 must be assumed. The net hydrodynamic 
force is given by 
where Ps is.the density of the sphere, Pf is the density 
of the fluid and g is the acceleration due to gravity. 
In the experimental procedure used, the spheres were 
dropped 6,5 em from each of two of the tank walls. The 
effect of these two walls on the velocity of the sphere 
was estimated by assuming a value of 6,5 for R and using 
half the correction velocity, since.the two far walls 
have a negligible effect. 
In order to use Turian's [79] extrapolation procedure, 
it is necessary to calculate a characteristic shear 
stress.~, defined by 
~ = F /61Ta 2 • 




where Uoo is the corrected velocity. The final corrections 
and calculated values are shown in Table E-2. As can be 
seen from this table,· the largest cor.rection (U 
0
/2) is 
less than 3% of the measured velocity. The values of·n 
and ~ shown in this table were used to obtain the plots 
shown in Figures 4-1 to 4-4. 
No top or bottom corrections were applied as . . 
Sutherby [86] suggests that these are negligible under 
the experimental conditions used. In all cases but one, 
the Reynolds numbers of the falling spheres were less than 







In the exceptional case, that of the 0,3175 em sphere 
falling in the 0,9% solution, the inertial correction 
was not negligible, but was ignored as it was certainly 














• • • 
TABLE E-2 FINAL CORRECTIONS AND CALCULATED VALUES 
U[cm/sec] Uc[cm/sec] Uoo= U+UJ/2 [em/sec n = F/6'1TaU00 't{dynes/cm
2 ] 
0,90% Natrosol 250 H solution 
0,897 - 0,015 0,905 10,3 117,3 
2,34 0,052 2,37 8,85 176,1 
'4, 78 0,123 4,84 7,66 234,1 
1,50% Natroso1 H solution 
0,0862 0,0016 0,0870 107 117,3 
. 
0,218 0,0055 0,221 94,9 176,1 
0,429 0,0129 0,435 85,4 234,1 
1,15 0,044 1,17 71,1 349,3 
---- ----- -· ------ -------- ------- L_ --- ----- - ~- --- ----- -----· -~-- --




















NOTES ON THE COMPUTATION OF THE THEORETICAL 
VELOCITY PROFILES 
Computation of the Quantities P, Q, R, s and 6 
in Section 2A 
The computation of the variable P will be used as 
an example. P is given by 
p = + + 
where P 1 , P 2 , P 3 and 6 are as given in Section 2A, and 
1 0 
are all of order 13 for 13 > 1. Thus if we compute P 1 , 
P 2 , P 3 and 6 individually and then compute P according 
to the above equation, the answer is swamped by the 
round-off error in the calculation of these four quanti-
ties, particularly for large 13. Thus it is necessary 
to calculate P
1 
(13)/6, etc. by dividing both quantities 
b o1o. F 1 y ~ or examp e 
F2 
= 
~(13- 6 - 2,2513- 5 + 2,513- 3 - 2,2513- 1 + 1) 
(13- 10 - 6,2513- 7 + 10,513- 5 - 6,2513- 3 + 1) 
Q, R and S are calculated in similar fashion. 
The Computation ofF(~) and G(~) in Section 2B 
The functions F and G are defined in terms of 
functions F 
1 
(ll) etc., as given in Section 2B. How.ever, 
the expressions for F
1 
(ll) 1 ••••• 1 H1 (ll) .••• given in 
equations (2B.l4) are not suitable for computation when 
ll is large [88]. The difficulty may be illustrated 
with F
1 
(ll) as an example: 
• 
If ll = 10, and F
1 









F (10) = 7 X 10 4 + 28
3 




3]cot (10) ~ 
-4 terms of order greater than 10 will cancel. In com-
puting the above equation, eight significant figures are 
included in the range 10- 4 to 104 • Thus, for the 
ordinary nine digit precision on the UNIVAC 1106, only 
one significant figure will be accurate. The problem 
may be overcome by using double precision (18 digits). 
In earlier work (prior to mid-1972) only an IBM 
1130 computer was available. This machine was capable 
of six digit precision only, thus the calculation of F 
on ordinary precision resulted in completely spurious 
answers, even at ~ values of 4 or 5. The difficulty may 
be obviated as follows . 
-1 
For ~ 2 > 1, we may expand cot ~ in a power series 
and thus rewrite the expression for F 1 (~) in the following 
form 
(King [88]) • An expression of this form may be calculated 
accurately, even on a low precision instrument. However, 
with the availability of the higher precision UNIVAC 
computer, the original-expressions can be used, certainly 
for ~ < 6. 
F3 The Use of Specific a Values in the Estimation 
of Wall Effects on Experimental Data 
The problem encountered in using a specific a value 
is that the sphere rotates in the centre of a cubical 
tank in the experimental situation, but the analysis 







an outer concentric sphere. If the influence of the 
tank walls is approximated by an outer concentric 
sphere with diameter equal to the length of the tank 
walls, the effect of these walls on the velocity pro-
files is clearly over estimated, particularly in the 
lower z plane~. On the other hand, if the diameter of 
the outer sphere is calculated on the basis of the 
volume of liquid in the tank (i.e. diameter = 1,21 x 
tank length), the effect of the walls on the velocity 
profiles is under estimated, particularly in the z 
planes near the equator~ Thus, as a somewhat arbitrary 
compromise, wall effects were estimated by replacing 
the cubical tank with an outer sphere with diameter 






- Gl ... 
APPENDIX G 
TABULATION OF VELOCITY DATA 
The measured quantities R1 , R2 and 6.x are tabulated 
together with the calculated dimensionless variables 
R (radius), VR (radial velocity) and V PHI (tangential 
velocity). Table Gl summarises the relevant information • 
TABLE Gl INFORMATION FOR THE TABULATED VELOCITY DATA 
Run Pages System Diameter Tank Size Fluid 
[em] [em] 
12S G2-G3 Sphere 4,15 38,1 Glycerol 
15S G4-G8 Sphere 4,15 38,1 1,5% Natrosol 
7S G9-Gl3 Sphere 6,98 30,5 1,5% Natrosol 
9S Gl4-Gl8 Sphere 4,15 38,1 0,9% Natrosol 
! 
7D Gl9-G23 Disc 7,07 30,5 1,5% Natrosol 
16D G2~'-G2,j} Disc 4,15 38,1 0,9% Natrosol 
- G2 -
• z DIS T MICE .ooo SCALE FACTOR 2o72 RUN 12S 
o:El ~·· 
R 1 R?. DEl X R v PHI VR 
T=~,275. 
6,65 6 0 65 1. 6 7 1 • 1 7 a ,6868 .ooo 
6,20 6,20 1.87 1o099 ,7699 .ooo 
5,09 5,90 2.17 loO'Pt ,8952 olf92•02 
6.55 6 0 57 1o76 lo162 1 72LtJ • 98'•·02 
5,69 5,69 2olf0 1. 008 ,9918 .ooo 
5.78 5.70 2 0.32 1. 02 11 ,9581 .ooo 
DEL T= .528 
5,83 5.e'+ lfo20 ·1.03'+ ,9178 .256•02 
5. 8 1 5,83 lfo33 1.031 ,9'+78 ,513-02 
• 6.03 6,05 3,95 1.070 ,8596 ·513-02 7,()9 7,09 2,95 1.256 ,63't8 .ooo 
6.70 6,70 3.22 1 I 1 8 7 ,69't7 .ooo 
7.69 7,69 2olf6 1. 363 .5278 .ooo 
7. 18 7. l $ 2o8fl lo272 ' • 6195 .aoo 
5.99 5.97 lf,2S 1.060 .9282 ... 513 .. 02 
6,97 6.97 3. 1 8 lo235 ,6851t .ooo 
8. 1 't 8 • l't 2o25 lo'+'t2 • lf.B?. 2 .ooo 
7. 1 9 7. ! 9 3.nc: lo27 1i .6'+56 .ono 
7. 19 7 0 l 9 2of.l6 lo27Lf • td 51 .ooo 
8,02 8.02 2.. :3 h 1.'+21 .5060 .ooo 
9,'t0 9. 1t0 1.6B 1 • 665 .3594 .ooo 
DEL T=1.116 
8.17 8.29 1-f • BS 1t'i58 .'1976 d't6•0l 
9,2'+ 9.27 3 • n 1 1.6tt0 03879 ~ 3f>l.),..(}2 • 6.86 8.90 q.U::' 1. 57 3 • 1-1-099 o IH)5~02 10.09 10" J.~S 3 0 1 7 I , 79 3 .3217 ~728-02 
10.86 10.95 2.7? 1.93?. c2756 • ,_ 09 .. ()!. 
1 1 • 1 8 1 1 • 2 11 2.53 1.986 a2563 ~728-02 
11.09 1 1. 1 B 2.SlJ 1. 97 3 0 25:93 • 1,09-n! 
7,50 7,53 Sob'?.. 1. 332 q5822 ~36tt-02 
9.33 9.35 3.5? 1.655 .3579 • 2 1l3~D2 
8.39 8,lf6 lf. 3 11 t.tt93 • 1-flf37 • £JLl9 .. Q? 
9.8'+ 9.97 3. 1 7 1 • 755 .3218 olS0-0! 
8.77 6.92 3.96 lo567 .'+037 ·182~0! 
8,21 8,29 'f.51 1.Lf62 .tt617 .970 .. 02 
10.28 10.3'+ 2.93 1.027 .2971 ~728-02 
1 0. 13 '10.18 3.06 lo799 .3105 .606-02 • DEL T=3,000 8.68 8.95 .oo r. 56 2 ,0000 •. 1 2 2 .. 0 1 
15.70 15,88 3.2!1 2.798 • 1 205 ~812-02 
16.28 16,1f6 2.97 2e900 ' 1 1 1 8 e812-02 
1 1. 86 1 2. 1 5 5. 6 11 2. 1 2:7 ~ 2 1 q 1 d 31-01 
15.02 I5,2lf 3. 5.~ 2.681 .13't9 .993-02 
17,09 17,2/.f 2.1e 3oO't1 .10if6 .677-02 
17.90 18,02 2.lf5 3el82 ,09?.2 .Slfl-02 
15.26 15. 3tl 3.36 2. 711 • l·2 6 6 .361-02 
12.7Lf 12.09 L~. n 9 ?..271 ,1850 .677~·02 
12.1'f 12,23 s. ~~? 2.159 • 20 '!3 9ll(16 .. 02 
13.68 1 3 • 8 l If • )_ ,r; 2.tt35 n 1 ~:; 7f-j ~sn?-D2 
9 o /~ 8 -9.6tt .on 1.694 .onoo ~722··02 
1 1. 88 12,03 5.sn 2.118 • 2 2 3 ~, o6'77·~[)2 •• l't.l.3 1'+,33 lf.oo 2.521 • 1509 o902 .. 02 
1 1t • 6 7 1't,87· 3.69 .2.617 • 1 3 9 l .902-02 
llf.90 15.09 3.69 2.657 0 ). J 9 !. .• 857-n.?. 
17.29 !7,L.5 2.57 3.078 .0'167 ~i"22--02, 
13,30 13. 'Hl q 1 If,(~ 2.365 ~1692 .~.151~02 
13.73 13.B9 lj 0 L!. 3 2o't't7 .1673 ·722-02 
- G3 -
DEL T•S,OOO 
13,58 1'1,00 .oo 2e't't3 .oooo ·114•01 • 15,20 15,55 5.65 2·72'1 .1282 ,9tt8•02 15,30 15,67 5,72 2e7'f't ,1298 .-JOO•Ol 
11.,19 16,51 5,oo 2.897 ,1132 .866•02 
19,22 .19 • 'fO 3.62 3e't21 ,0818 .'187•02 
21,83 21.96 2eH3 3.879 ,0639 e352•02 
2'1,17 2'1,25 2.25 'fe290 ,0508 ·217•02 
21, O'f 21. 1 a J,U't 3e7't0 ,0686 .379•02 
27.77 27,60 l. 62 'fe923 ,031.6 .at2-ol 
26,72 26,70 1.73 'fe732 ,0390 •eS'fl•Ol 
23,69 23 ,·70 2.35 'fe198 ,OSlO e271•03 
19.08 19,23 3.72 3e39'f ,08'f1 elf06•02 
20,22 20. 't8 3,28 3.606 ,07'+1 .70't-02 
16. 19 16,59 5.21 2e90't ,1180 elOR•Ol 
• 13.62 13,95 .oo 2e'f't2 ,0000 .893•02 17,30 17,59 '1,56 3.091 • 1032 ,785•02 18,76 18,97 3,85 3.3'12 ,0870 .569•02 
23,90 2'f,OO 2.31 'fe2'f3 ,0521 e271•02 
27.65 27,68 t.6e 't.902 ,0379 .812•03 
2'1,96 2't,98 2. {J7 'fe't26 · , O'fh7 .ooo 
·- ..._ . 
z DISTANCE ,723 
SCALE F'ACTOR 2eA6 
1\i R2 DELX R V Pttl VR 
DEL T• ,528 
6,'10 6,'13 2.76 leOI'q ,5652 .731•02 
5 •• 0 5,09 2.63 ,859 • S 1HIS •e2Cf'fe02 
• 5,09 5,15 2.62 .863 ,5383 el'f6•01 DEL Tal,lllt 
6,56 6,51 s.oo 1 • 1 0 l ,'1932 ··577•02 
10,70 10,70 2,57 le803 ,2't76 .ooo 
1 1 • 1 1 11,78 2.18 le979 ,2099 .807•02 
8.73 8,73 3.13 le't71 ,3025 .ooo 
DEL T11l,OOO 
15 0 99 16. 11 3.33 2e705 • 1193 e515•02 
18.,00 18,12 2.6 .. 3.0'13 ,09ct5 .st5-o2 
17 ..13 17,20 3o00 2o892 ,l07'f .300•02 
11s88 12,00 !ioACf 2·012 • 2110 .515•02 
8 0 60 8,68 7.55 le't56 ,279'1 ·3't3•02 
l6o8'1 '17. 00 2,87 2 • OS I. ,1027 .687•02 
i• 
l'f,'!)O I·'+' 61 3.90 2.'153 ,1399 ,'172•02 
1'1.70 l't,80 3,0lf 2·· '185 ,1377 .'129•02 
16,'16 1'6. 60 3.10 2.785 , 1 l I 0 1601•02 
DEL Ta6,000 
25,7't 25,77 2 ..... 'fe3.1f0 ,0'136 ,6Cf't•03 
27.03 27,10 2.20 4.561 ,0393 .aso-o2 
17. , .. 1 7. 58 . 5.2't 2e9'f8 ,IJ9'f0 .365•02 
20.37 20,'t9 3,0(S 3e't't3 ,0695 .257-02 
26. 6EJ 26,82 2.2o q,soa ,0393 .300-02 ·• . 
22.,'+3 22,67 3e23 3oBOO ,0578 oSlS-02 
15,26 15,60 6,80 2.600 ,1226 .729-02 
18e65 18,92 '1.65 -3.165 .083't .579-02 
19.37 19,61 't,2B 3.281f ,0767 eSJS•02 
19,56 19,71f '1.25 3.311 ,0761 .386•02 
• 25,00 25,2'f 2.57 ... 233 ,0'160 ·515-02 25,80 26,07 2e'fA 'to370 ,O't'fO .579•02 27.22 27,'f'f' 2ol3 ... 605 ,0381 t't72•02 
19.22 19,30 'f,~to 3o2'f5 ,0786 o172•02 
23.39 23,57 2o96 3o957 ,OSlO ,386•02 
2't.'t8 2'f,61 2.70 'fel36 ,0'183 ·279•02 
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$CAL£ FA~T~R 3oCS 
lt.?l 
2E.3!i 




































lt; .• jC 
"''."? •.J,' ... 
... ,&;., ..... '·•' 
l t;. 1: -:. 






7 .... .., 
.; . ..., ... 




""; .-~ \o) 
'. '· -· 
l.G3 
l.:;u 







.. ,.. . .:.:.; 
l 
.. ,, 




2. ;; 5 
lol3 




.., ~~ ~ ,._..J 




2 0.:: (: 
l. ·:.;.; ,J 
l.b7 
< • .., 
,J.. 'd-
., ""t ., 
.1. • I .. 
"' • h l~t 
l·::: :j 
2 II z ~~ 
l.'J! 
1. i J 
J,.:;q 
..... f . .:~· 
;...• ..... ~ 
.• 't 
.l. • .:; .. , 
J. • :: 'I 


























































.• C31.i 7 





































































- .l (!:- r. ·~ 
-o264-C3 
-.777-r.li 















• z OlSTANCt:: 2.169 
SCALI:: FACTOR 3eC4 
Rl R2 0£1.X R v PHI VR 
(JEL T=3.CCt 
!3.50 9.73 le2J le52q .~404 .362-03 
DEL T=a. r:cc .. 
19.62 lY•62 le9G 3ell0 .0247 .coo 
2G.7tt ·2!-.76 leo6 3.2SS .(:235 ellS-rl.! 
22.t.t3 22.35 l. 7 ) ~.549 .0215 -.472-!:!4 
22.~4 22.83 l.t7 ·3.E28 ef.'2.11 -.£4S-Cl.! 
20. 7fl zo.s:-t 1.e1 3.277 .0235 -.3~4-C4 • 2('1 • .32 2r.::e 1. tL:! 3.2.26 • c: 31 .354-r:t; 2fJ.03 19.92 2 • IJ I~ 3.1G7 e02S7 -.G49-C4 
14.(15 14.22 2.13.3 z.z4l .c:;ss elCC-C~ 
22.16 22.Uci l ·;, 1 . .;.... 3.507 .0228 -.472-04 
23.'~b 2:!.1:!3 l. C: C 3.'28S .• C2C2 -.767-r:ll 
20. 3 Ll 2D • 3Li - ... ~ ~. '..,.1': 3.221 .0252 -.236-04 
1~.68 l ~1 • E C 2.1::: -r -~ 1 ,, ....... .~. .. .CZE~ -.472-f'C, 
l~·l2 1s.1a ~ ~ ~ 2.877 .0281 .354-C'l '-•'-.:; 
l9.b6 l~.E4 z.c2 3ell5 .c:£1 -.11s-r.c, 
22.10 22 elll 1. 7 s 3.4SG .11225 -.s:n-c4 
21.~8 21.~3 1.£:7 3.4!21 .r;::11 -·295-Cfl 
7.97 a.42 z.a3 1.~'3~ .n36E· .206-03 
l7otl2 1.7. 5 ~ 2 • .:.2 2.783 .c::ec ·'11:-r.rt 
z.eo 3.1& lo'25 .472 .Gl59 e212-C3 
• G.tc 7 .lt 'i...27 l.CeG .r:ae ·295-C:! 12.64 12.85 3.U1 2.020 .n379 .124-u3 19.88 l9.7L 2.C8 3 el'LZ .CZEJ -.7cs-rq 
2Ll. 57 20.45 2.i"J;'1 3.251 .0252 -.708-Cif 
Zl.6( 21.58 l. 31.' 3elt23 .rz27 -·l!E-CII 
24.G8 2'.J. 43 1.53 3.a97 .!1201 -.118-03 
24.(~ 24.57 lo£1 :;;.~~:~ .C2C3 -.H:e-r:ll 
26.57 26.53 1.32 4.2CS .Ol£7 -.236-0if 
3C.66 3 r: • E. 3 lelC 4.c6C .C13S -·295-Cii 
30.26 30.17 l .. , eJ. .. 4.790 .Pl4l -.531-04 
3Cl.Cf 2'::.~4 . .. ~ .l.. l. ~ 4ei5l .Cl3E -.~sq-rq 
23.22 29.14 le2J 4.£2~ .0151 -.472-04 
" 2'f.!:i3 24.4t: le:..ili 3.t:cz .ClSit -.472-CQ ., 26.5G '2? •. 37 l· 2 3 4.191 eOlGl -.767-04 
22..3C 2~~.21.; l.t: 
.,. :: ., ,.. .r.zzc -.!54-t:CJ .:~ . .:.~ ... 
-1~.33 19.72 le33 3'el3S .nz:;n - •. 944-04 
9.EE H .1~ z.:q ·l .• 5·[ ~ .cnz ·277-r'! 
31.20 :a.u7 l· ()3 4.93o .0130 -. 767-Clf 
S.3S E·. 8 3 l.S3 • ;; a ...s .r2e:1 .zec-r:: 
.lb. 4 3 lE.6q 2.12 2.c2·1. .ozsa el2Cf-C3 
l7.fl7 l7.1t. z.;:s 2.71C .C2E4 .zs::;-r:q 
20.63 2f'le6.3 lei:iS 3.270 .0233 .ooo 
ZC.39 2 r·. 4l lei:2 3.Z3Lt • C'21C ·118-C'I 
23.35 23.80 1.0: 3.735 .0204 -.aes~a4 
26.12 2f.(3 1.:::7 4.:34 .Cl73 -.531-r'l 
5.58 6. fj 4 1.87 .921 .0237 • 2 71-03 
l!:l.ec l:G.c:; 2.::5 Z.!:23 .(322 el:?E-C~ 
19.53 l~.'i3 2.lJ 3.;:H3S .0265 -.590-C4 
• l~.E.C 19.58 ·z.cz :l.lCc .C2E~ -.llS-r.lt 
- G8 -
• z DISTANCE 2.892 
SCALE FAC10R :s.oo 
Rl R2 JELX R v PHI VR 
t;EL T=~.ccc 
lle43 ll.S~ 1.'0 l 1.878 .0206 .311-03 
19.70 19.87 l ,;; '7 ·-~ 3al75 .ClSLJ .u::e-c: 
30.38 38.33 leJD '1.881 .0128 .sse-os .. 
2tf.7C "i.4.77 la25 3.~73 .ClEO .41~-r:q 
19.2::1 19./.tt> 1e$2 3.112 .0194 .102-03 
lt.t.l7 l'+.E2 l.t3 z.2L::: .czca .2E:S-C:! 
14.25 14 • .o s 1.63 .2.324 .nzas .263-03 
• 14.11 ltt.t:3 l· <::; 2.::C·C .(211 .251-C~ 1.:S.47 13.91 1.73 2.1~9 .0221 .263-C3 
H.<::t. Y.t:7 l.LiE 1.1.!8$· .(187 .365-C:! 
17.~8 18.24 1.4 3 2.9\JS .0191 .155-03 
12.84 l3.:n • •• 7 J.•:;;.) 2. rc s .• c 1 ~6 .317-r.~ 
ld.GS l9.0G l. 4:J 3.027 .0179 .l9l-C3 
1g.za l~.!::l 1.45 3.~16 .C185 el3S-C~ 
13.15 13.54 l.67 2.144 .0214 .233-03 
17.72 12.CG l .. r ...... ;:.t::£9 .Ci8E .167-r.:: 
17.82 18.03 l. 5•1 2.834 .0192 .161-1;3 
23.93 2 1+.CC 1.7.3 3.~5~ .(221 ·'tl9-(fl 
.3fJ.53 3D.53 qr •-O ·' 4.904 .0123 .or. a 
26.21 2.E.24 1.~1 4.213 .1.142 .11s-cq 
21.86 21.95 .. l. 41 3e5lS .0180 .538-r-4 
23.t~ ;:::::;.ac 1.31 3.e14 .rlc7 .658-Cfl • 9.4& 10.0~ l.t.3 l.SGS .C209 .371-03 7.~( n.:s 1.2:7 1.:2£.; .c;.:c1 .413-r::! 
8.86 9.37 1.~-o le4G4 .0.200 • 305-r.3 
lC.4S 11.15 lec2 l.73E .r2c7 .zss-r:: 
14. 1)7 1Lf.b8 1.53 2.301 .0196 .3C5-C3 
lg.34 l9.E3 1.32 3.l3C .ClE~ .173-C2 
19.77 20.02 1.37 3.196 .(1175 .lS0-03 
14.11 14.~4 "' .. - .- 2.3£:1 • [ 1 ~ €. .257-CZ : J.•:::.~ 
2(1. 58 l . 7 (' 3.313 :.o114 .65S-C4 I 2Q.6';i .... v 
29.84 29.E7 .<:.7 Lt.796 .Cll:t, -.179-r:'l 
4.08 4.sa .77 .£96 .DC199 .299-r.3 
l4.<:.:S 15 • .31 1. ::i c 2.434 .(2(2 .1s1-r2 
ll.f. 3o 'l~._7e 1.57 z.~41 .0201 .25l-C3 • 14.1':: l4.ES 1.::6 ~.32C .C2CC .299-C~ 14.1~ 14.51 1. ·1 G 2'~313 .0225 .~51-03. 
17.£3 17.~( l.SC 2. t:·5 4 .Cl~S .161-(:! 
19.~0 20.15 1.25 3 '?"'~ •'-..L-' .0161 ol55-C3 
2(.17 zr·.3s l 'l. •-:l 3. z 5-e .(173 .132-r.~ 
7.03 7.54 1 .,. ') .<rttl ... 1.178 .0169 • 365-C3 




z DISTANCE .716 
SCALE F'ACTOR 4e30 
,, Rl R2 DELX R v PHI VR 
OEL Ta .312 
15,34 15.19 2.02 1'.017 ,2749 -·270•02 
18,71 18.62 1.54 t,2't4 ,209lf -·162•02 
13,90 l3e78 2.53 .922 ,31flf5 ··216-02 
13!26 l3e14 2.9lf ,880 ,'1006 -·216•02 
13,91 13.78 2.57 ,923 ,3lf99 ··234-02 
13~99 13.86 2.5'1 .928 ,3't58 -·23'1•02 
12,20 12.09 3.91f ,809 ,5381 -.198-02 
1'1~03 13.91 2.'+2 ,931 ,3295 -·216-02 
13' 17 13eO'f 3.05 ,873 .'1156 -·231f•02 
11,28 1le20 3.88 ,7'19 ,5302 ··1't't•02 
DEL Ta ,606 
13,58 13.33 5.32 • 8'97 .,371f9 ··232•02 
15,38 15. 13 3.96 1.017 ,2780 ... 232•02 
25. 1 '1 25.0'1 1,'tA 1,673 : • 1036 ... 120•02 
22,8'+ 22.73 •• 90 1.518 ,1330 -~102•02 
21.63 21·45 2el5 1,lf3S ,1 506 -·167•02 
23,55 23elf2 1.7'+ 1,565 ,1218 ... 120•02 
20,02 19.83 2 ·'' 6 
1. 32,8 ,1723 -·176•02 
18,95 18e7't 2e'f8 I l. 256 ,1737 ··195.;.02 
21,73 2·1. 55 2.12 1,'tlf2 ,1'f85 -·167•02 
16,00 15.76 3.61.f 1,058 ,255'1 •t222•02 
15,33 15.06 ... t7 1.013 ,2928 ... 250-02 
16~76 t6.5lf 3.77 1.109 ,26'f5 ··20lf•02 
23,95 23.81 le7:\ 1,591 • 1211 ··130•02 
22,61 2,2. '13 2,00 1,501 ,1'f01 ··167•02 .. ' ,_ .. 
DEL Taq • 190 
26. l 7 25.90 2.90 1. 735 ,103'1 -.127-02 
19,20 18.93 S,'JS 1,270 ,1950 ··127•02 
22,3'1 22. 10 3.90 1,'t81 • 1392 ··113-02 
29,27 29. 17 2.13 1,947 ,0759 •t't72-03 
31.89 31.67 1.ns 2. 118 .0660 •e10't•02 
30,2lf 29,98 2.05 2,006 ,0731 -·123•02 
29,94 29.71 2.08 1,987 ,07'+2 -·109 .. 02 
21 • 7·1 21e29 '+ • 'i. '+ l,lf33 • 1586 ··198•02 
'+1,72 ... l •. 61 ,95 2,776 ,0339 ··519•03 
2~,37 22e01f 3,76 1,'180 ,13'12 ··156•02 
25,5'+ 25.27 2. a•+ f~693 ,1013 - •. 127•02 
22,38 22•01f 3.78 1. 'f·80 ,l3'f9 ··160•02 
35,50 35.27 l. 26 2,358 ,0'+'+9 ··109•02 
37,'+8 37.26 1. 2.3 2,'+9~1 ,0'+38 •e91f4•03 
33:43 33e22 1,56 2.221 ,0556 .,991•03 
3't,96 3'fe75 1e39 2,323 ,0'196 -.991•03 








Z DISTANCE~ 1tlf30 
· · st~ALE-- rAcToR:. ·,.-,-~i-;· .... 
. . . ,\_ ;,· ... _ _. . , ····~.;~--:".~~1rr: ..... · --~ 2 :· -· ~- . oiL.x ·+ · • w: .- R. · · 
. DEli' :r.:. . 6"06·:' ;, ·. .,. ..... ... --~~· ~-: . .-.,...~-· ... -'·;~ · -~'·_ ).···'~.·~::.-~~~a·· ·~':··a.--6 .. ·· · · · -~·-rt·a> · .• 9 a· · '"· · I ~~ f6'~,. 
18,89 18o91 l"e2S 
·).-._22,12 21ellf l,O'f 
17,q'f l7e'f2 lt62 
... ···•1tt,38 l'it32 1.5'+ 
18~04 18~b9 1,30 
19,14 l9elD 1e26 
19,36 19.35 1.18 
13,57 13.53 1,53 
8,2'+ a.1o t.63 
7,t3 6.97 1,53 
- 19,00 18.97 1.23 






























































































































































. ... . .. 
.. ;tJ860 > ~--"0~'3'4:l ... 03.·-
·.0853 tl81•03 
• 0 7 1 0 >(,;. • 8 6 s.,;. 0 2 .. ' 
,1106 ··181 .. 03 






















































































Z OISTANCEc 2•010 
·sc~Lk rActoR 4.52 
•.;. .. ;.' ~ ... 
c .... - •• -.~..-; tU Ri DELX .·· .. · . R 
DEL T·i;n. t 90 -:.;.,;. · · ·, · · ·. · . ·· ... 
..J. • \..,.J ' •r . . . 








. tt;6e i1~97 1.oo 
2t,27 21~53 1~04 
23,83 24.06 1,10 
24,62 24•l3 1,05 
19,02 19,26 1.08 
18,50 l8e7A 1,12 
22.51 22·6· 1,03 
5,49 5,70 ,70 
10,06 10.37 1.01 
11,55 tt.8q 1.o~ 
18,41 18,68 1,18 
19,6. 19.90 1,18 
21,19 21t40 1.13 
21,32 21.54 1.06 
21,79 22.04 1,09 























































































































































V PHt .. ~- .• VR · : 
· .. ..;, .. < .. ·· .... 
-·;0282;·. · .. ,?t;-3~03~ 
,0339 t130~02 
~ 0353 • 1 1'7•02 
,0373 •103 .. 02 
,0356 t494•03 
,0366 t108•02 
• 0380 • 898•03' 
,03't9 ,583•03 



















































































_{ .. : 
.. R1 















































•r: ·;_.• .::.• • ~? ' "•. ::·, ; ... ~'•.' .;: ' 
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z DISTANCE .723 
SCALE FACTOR 3e30 
Rl R2 DELX R v PHI VR ' 
.... 
.. 
DEL Ta .275 
6,79 6e76 1. 59 ,989 ,5388 .;., 't't7•02' 
7,38 7e:lfl le'f2 1. 078 ,'t808 .ooo 
5,98 5.95 1. 80 ,871 • 6109 ~ ··'1'17•02 
8~1Cf 8.12 1.18 1.187 ,3993 ··298•02 
7,68 7e69 1e't8 1,122 ,5011 •l't9•02 
DEL Ta •. 528 
•• 8,47 8.'13 le95 . 1.23'1 ,3Cf'fl ··310•02 8,50 a.39 2.35 1.233 ,4151 ··853-02 
8,39 8.36 2,03 1,223 ,3583 ··233-02 
9,58 9,52 1.62 1.395 ,3210 •e'f65 .. 02 
8,36 8.23 2.16 1 • 21 l ·. ,38l'f -·101-0t 
7,56 7.50 2 • IS 1,100 ,3799 •t'f65•02 
9,00. a.9'f 1.97 1. 310 ·,3Cf76 -.465-02 
11,47 ··~"" 1.25 
•• 673 ,2202 ··233•02 
1o,ao 10e75 J,'fS 1,574 ,2555 ... 388•02 
8,33 8_.25 2e'f3 1. 211 ,'t29'f ··620•02 
9,77 9.7'f 1,95 J,'f25 ,3't39 ··233•02 
9,30 9.25 2.12 / 1,355 ,37'tl ··388•02 
12. 13 I_ 2, 09 1.22 1. 769 ,21'f9 -·310•02 
11,86 1 1 • 8 I le25 1.728 ,2202 -·388•02 
OEL Tc1,116 • 17,'t0 17.29 1 • If 1 2.533 ,1175 •t'tO't•02 1't,39 1'te27 1.82 2.093 • 1517 •t'f't0•02· 
12,07 11e90 2,'t9 1,750 ,2070 -·62'f•02 
11,ct9 11e3'f 2.75 1.667 ,2297 -.550•02 
11,65 l1e5«f 2,51 1,693 ,2095 •e'tO't•02 
11.53 11·'*'* 2,60 1,677 '2171 ~·330•02 
15,'t9 l5e't't t,'fa 2,258 • 1233 ··183•02 
1t,51f -1 1 • If If 2.60 1,678 • 2171 -·367•02 
16,65 16.60 1.37 2,'f28 ,1t'f2 -·183•02 
9,0if 9.93 3,83 1.3i2 ,3215 ··'f0't;..02 
I 0, 17 10,02 3,58 1,'+71f ,2998 -.550-02 
12', 23 12.19 2.'+3 I, 782 ,2028 -·183-02 
'6,59 6t'f3 7.10 ,951 ,6256 ··587•02 
1S,llf 1s;oo I, 89 2,201 ,1576 •t51'f•02 
18,06 17.91 1. 33 'l', 627 ,1108 - •. 550·0~ 
15,38 15.22 1.63 -~.23'1 ,1359 -.587•02 
DEL T:aJ,OOO 
23,2'+ 23elA 2o00 .. 3,39'0 ,0620 -·819-03 
22,63 22.73 2.00 3,327 ,0620 ··137•02 
.....,. 16,93 16.68 3.72 2.'+5'+ ,1155 •t341•02 
' 
21,13 20.96 2.52 3,073 ,0781 ··232-02 
12,20 11 • 9 1 6.nn 1.760 ,.879 ... 396-02 
·./ 26,'t2 26t31 le't6 3,850 ,O't53 ··150•02 
-·-
18,67 19olf0 ...... 2.707 ,0822 -·221•02 
22,83 22.70 3.30 3,325 ,061'1 ··106•02 
16. 17 15.87 5.98 2,3'+0 .1 118 ··2'+6•02 






z DlCiTAt··.!CE 2.892 
SCALE FACTOH 3ol.f3 
R 1 R2 OELX R v PH1 VR 
DEL T=s,ooo 
5,28 s.~t9 l • :D .757 ,f12.39 ol65•02 
16.37 1f,o60 1 • 'r o 2,316 • (J 3'10 .181•02 
20,0] 20. 1 9 1 • 7 2 2,!:126 .n::.oe .126-02 
23.29 2 3. 11·2 1 • s 2. 3,281 .0272 .102-02 
• 22.BS 22o97 1 • 7?. 3,219 ,0308 o94i6•03 1 6. 11 l 16o6f> 2.02 2.323 ,0362 ol97•02 
16.32 16.58 I • 9B 2. 3 1 1 .035'+ o205•02 
1 e , 1 1 Hlo 33 I • 9 Ci :>.560 ,0.3'+0 ol73•02 
't,52 tt.72 lo?. 11 ,6'!9 .0223 olSB-02 
19,53 1 9 • 7 1 t,P,/, 2,757 ,0333 o1'17'-0:.: 
23,03 2 3. 13 1 • ~:.;? 3,2'13 ,0.?.72 .788-03 
22,S7 2 2. 6!-. 1 • 'J 'I 3. 1 7 7 ,031.f7 .709-o.::, 
2l·. 6 9 26.73 l • tf 7 3,753 .0263 o315-n3 
1 1 • 1 1 1 l 0 3 7 l •.. , ?. t,S79 0 03 1-t't ·205-IJ/. 
10.9lt 1 1. ou 1 • fl /, I , S 11 l ,0333 o'+73•nCJ3 
5,72 (.,,()() 1 • 2 •:; ,B23 ,0229 • 2 2 1 ., (i 2 
26,97 27.02 1 • 2P3 3.793 ,U2lt7 0 3 9 't M rn 
DF.L T=t;,fJOO I. 12.96 13o33 2,SS l.!:llf7 ,()381 o2't3•0?. 
I 
15,33 15o6S 2.30 2. 1 7 6 • 0 3'~ 3 .210•02 
2 11. ?0 25.06 1 • ;, 9 3,51[] ,0252 olOS-07. 
28,Jl 2 8 o If 2 t.2f1 3,9AS ,0179 .722-03 
28,31 2Bo'+2 lo3fl 3,9[iS ,0203 .722-03 
27,9't 28o07 1 • •t 7 3,93S ,0219 .BSlf-03 
27,57 27o6lf . 1 • 6 1 3.B79 ,02LIO o't60-03 
2 1 • 1 8 2 1 • 't 2 l • q 6 2.993 ,0277 , I 58-02 
23.87 2lfo11 l • ~I] 3.371 ,0283 .tsB-02 
27.29 2 7. 11 It 1 • h 4 ,;,AlfS ,02lf5 ,985-03 
17.39 17.1.8 2.23 Z,lf6't ,0333 .190-02 
17,93 1 B • 2 1 2. 1 5 2.539 ,0321 ,}Blf-02 
31).2/3 3Do35 1 o Lf lf 't,2S9 ,0215 o't60•03 
2'f,36 21.fo52 },liLt 3,"13't .027'+ .toS-02 
........ 27,87 ?8.02 1 0 6 1 3,926 ,02'1[] ,985-0;:\ I
~ 27,62 2.1.• 7 7 1.ss 3,891 ,0231 ,985-DJ 
-1 
1 8 , I 7 l8o'tS 2.20 2.573 ,0328 ol8't-02 
21,71 27.7/.f t.•,o 1,895 ,022't ,t<n-o3 














.ooo RUN 70 
~--------~------------------------------~---------------·------1.. R1 I R2 I DELX R I v THETA I VR l 
------------------------------------------------------------·--
DELTA T ,312 SEC 
13,240 13,010 1,970 1. 0902 ,331f2 -,005218 
}3,680 13,'+50 1. 630 1,1267 ,276'+ -,005218 
12,630 12,430 2,250 1,0'+08 ,3818 •,OO'f539 
i2,67o 12,360 2,060 1. 0395 ,31f95 •,007033 
1'+,290 1'+,070 1. 220 1,1778 ,2068 -,004991 
12,9oo 12,690 1, 9'to 1,0628 ,3291 •,OO't76'f 
DELTA T ,606 sEc 
12,'foo 12,190 2,770 1~0212 ,2422 -,002'f53 
!3,300 13,190 1. 680 1,1001 ,11f67 -,001285 
.• 6,060 15,650 1,730 1,3169 ,1510 -,00'+789 
14,050 13,680 2,930 1,1516 ,2561 -,00'+322 
!7,860 17,560 1,360 1,'f710 ,1187 •,00350'f 
!3,560 13,130 3,300 1,1085 ,2887 .. ,005023 
J'f,070 13,700 2,520 1,1533 ,2202 •,00'+322 
13,360 l2 1 9'fO 3,120 1,0923 ,2729 -,00'+906 
16,290 15,930 1, ct9o 1,3381 ,1301 •,OO'f205 
DELTA T 1.190 SEC 
12,870 12.'~70 'f,82o 1. 052'+ ,2155 .. ,002379 
13,080 12.710 3,930 1. 0711 ,1753 ... ,002201 
!9,250 18,900 1,030 1,58'f'f ,0'+58 •,002082 
21,580 21,100 1,560 1,7725 ,0693 -,002855 
18,1'+0 17,510 2,230 1,'fB06 ,0992 -,0037'+7 
DELTA T 2,000 SEC 
16,'f20 15,090 5,870 1,3086 ,1561 •,OO'f707 
26,960 26,510 1,'+90 2,2206 ,039'+ -,001593 
23,'f1o 22,720 2,260 1,9158 ,0598 -,002'f'f2 
26,730 26,250 1,700 2,2003 ,0'+50 -,001699 
32,080 31,700 1,130 2,6'f88 ,0299 ... ,0013'f5 








... ~ ... 
- G20 -
RUN NUJ::JBER 701 
·--------------
SCALE FACTOR 3,68 
Z DISTANCE ,283 
-
-------------------~-------------------------------------------THETA VR I R1 I R2 .L DELX I R I v I I 
-----~-----'!~ .. ~---------·------------- .. --------------------------
DELTA T ,312 SEC 
&2,'150 12,220 1. 330 ,9550 ,2102 •,OO'f86'f 
1'1,970 l'f,720 1,030 1,1'193 • 1627. -,005287 
q,950 .. ,760 •• 260 ~3759 ,1996 -,00'1018 
1,'170 J,'f20 ,650 ,1119 .1 036 •,001057 
_6,620 ,,~;,,'130 1,2'to ,5052 ,1962 •,OO't018 
11,550 1t,3oo· t. 770 ,88't5 ,2799 -,005287 
i3.380 13.130 1,340 1,0262 ,2118 •,005287 
12,660 12 ... 30 1,710 ,9712 ,2703 -.oo't86't 
4,400 q,200 1,080 ,3329 • 1 7 1 1 •,00'1229 ... 
DELTA T ,606 SEC 
14,320 13,980 1,980 1,0955 ,1612 •,003702 
14,750 l'f,'IOO 1,920 1,128'1 ,1563 -,003811 
6,520 6, 150 2,920 ,490't ,2396 -,004028 
i6,86o i6,520 1 1 '130 1,2921 ,1163 -,003702 
17,53.0 17,170 1,250 1,3432 • 1017 -,003919 
_3,Soo 3,260 1t 7'10 ,2617 ,t't31 •,002613 
12,420 12.020 2,980 ,9't61 ,2't30 •,OO't3SS 
i2,980 12,670 2,'t00 ,9929 • 1955 -,003375 
15,290 1't,880 2,070 1,1679 ,1685 •,OO't'f64 
i3,300 t2,92o 2,570 1,0150 ,209't •,OO't137 
15,290 .,.,eeo 2,070 1,1679 ,1685 •,OO't't6't 
iJ,lOO 12,920 2,570 1,0150 ,2094 •,004137 
14,010 .3,620 2,090 1,0695 ,1701 •,004246 
i3,530 13,200 2,300 1,03'17 ,187 3 •,003593 
_l4,3'fO 1'1,0'10 •• 850 1,0986 ,1506 •,003266 
12,270 11,820 3,110 ,9325 ,2536 •,OO't899 
_9,930 9,5'10 3,000 ,7537 ,2'150 •,OO'f21t6 
16,3QO 15,960 t,seo 1. 21t88 ,1286 -,003702 
lO,llO ,9,850 3.180 • 78,Q't ,2597 •,005008 
15,0'10 11f,65Q 2. 170 1,1't93 ,1766 •,OO't246 
9,200 8,720 3,830 ,6937 ,3139 •,005226 
is,62o 15,230 2,010 1,19't2 • 1636 -,OO't2'f6 
12,930 .. 12.490 2,800 ,98't0 ,2282 •, OO't790· --· 
DELTA T 1.190 SE< 
~5.08o 2'1,700 ••• so 1,9269 ,0476 -,002107 
J5,090 14,300 4,000 1,1377 ,1662 •,OO't38Q 
!7,810 17,190 2,480 1,35'18 ,1028 •,DD3't37 
17,230 16,680 2,700 1,3126 • 1 1.19 -,0030't9 
18,910 18,390 2,180 l,'t'f39 ,'0903 •,002883 
zo,04o 19,550 1,910 1~5325 ,0791 -,002717 
17,'t3Q 16,830 2,730 1,3262 ,1132 •,003327 
i7~4oo 16,800 2,730 1,3239 ,1132 •,003327 
DELTA T 2.000 SEC 
29,060 25,540 1,380 2~1135 ,03'fO •,011612 
25,270 24,6'tO 2,000 1,9320 ,O'f93 •,002078 
30.210 29,800 1,340 2,3229 ,0330 -,001353 
.. Jo. 'too 29,980 s,J'fo 2,3373 ,0330 -,001386 
'tffalf:., J9o 3't,090 1. o6o 2,6508 ,0261 -,000990 







RUN NuMBER 702 
__________ .;_ .. __ 
SCALE FACTOR 3,58 
Z DISTANCE ,566 
r,; 
* . .. 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••w•• 
I .... R1 ... ~~-· _R2 .1~ OELX I R I V THETA I VR I 















































































































































































































sCALE rACTOR 3,56 
Z DISTANCE 1e132 
•••••••••"••••••••••••••••••••••••••w••~••••••••••••••••••••••• 
I Rl I R2 .L DELX I R I v THETA I VR I 
------------~---------------------------------·--·-------------• DELTA T 1,190 SEC i3,78o 13,790 .1. 030 1,1032 ,O'f'tl ,000057 
12,170 12.'*10 1,060 ,9835 ,O'f5't ,001375 
!0,950 1t.220 .• 980 ,8871 ,0420 ,0015'17 
11,160 1J,'f40 1,060 ,90'13 ,O'f54 ,001605 
!1,160 1t,'l'f0 1,060 ,90't3 1 0'15't ,001605 
10,360 1o,6oo ,e5o ,8387 ,0364 ,001375 
~.9~560 9,eoo ,840 ,7747 ,0360 ,001375 
!2,'190 12,700 ,970 1,0080 ,0'115 ,001204 
15,'f20 15,5oo ,960 1,2372 ,0411 ,000458 
6,940 7. 100 1t ooo ,5618 ,0'128 ,000917 
DELTA T 3,000 SEC 
5,930 6,330 J,500 ,4906 ,0255 ,000909 
7' 180 7,670 1,64fO ,5942 ,0279 ,001114 
• _9,030 .. 9. 570 1,790 ,7'+'13 ,030'1 ,001228 10,370 10,920 2,020 1 8519 ,03'+'1 ,001250 
i2,500 13,000 2,250 1,020't ,0383 ,001137 
l6,200 16,560 2,050 1,3109 ,0348 ,000818 
16,650 16,890 2,190 1,3't21 ,0372 ,0005'16 
J9,'t9,0 19,700 1.eoo 1,5682 ,0306 ,OOO't77 
26,900 26,860 J,3'+0 2~1512 ,0228 •,000091 
~9,2'+0 ?9,120 1,180 2,3352 ,0200 •,000273 
16,900 17,190 1, 9'tO 1,3641 ,0330 ,000659 
26,660 26,670 1. 310 2,1340 ,0222 ,000023 
21,0'+0 21,180 1,720 1,689't ,0292 ,000318 
~6.130 26,070 1,450 2,0887 ,0246 •,000136 .. 28,380 28,360 1,280 2,270'1 ,0217 •,0000'+5 J7!590 1?,890 2,'+20 1,4197 ,0411 ,000682 20,040 20. 190 '2',180 . 1~6098 ,0370 ,0003'+1 
22,500 22,510 1,950 1,8010-' ·, 0331 ,000023 
i7,Bop0 18 .• oso 2,230 1,43'15 
,0379 ,000568 
22,!J.99o 
..... o' ··-u 1~ 840. 1,7622 ,0313 ,000091 2~1! . . ~Pn 
24,800 ... 2.'1, 850 1~sso 1,9867 , o263· ,ooott'f, 
! 1. 230. 11.7 60 2,390 ,9199 ,0!+05."; ,001~05, 
17.5801 1?,870 2~1'H:J; 1. 4'i as'' • 03[6·45 • 0006.5,5 
~2 .• 240. 22,450 1e66Q 1,7882 ,.Q282'i • p,O.O.'c+i!r!9 
J't,200 l't,710 2,350 1~1569' • 0''+.0 0:? • Otl:1il-$',97 
- .., I \ ~ 
18,3'+0. 2,060 1 ~ ct5'69; ,0350J ,p00;6:1~~ !.e .• o_?p1 
lSr, 860 19,020 2. o to· 1 • 5 1·5·7 • 0"3.'+2) ,.pooa:6t+lf 
?.~:. 7_"2o; 26,660 1:,350 2. 13'60 ,0229l • , .o_O_OJ}~·1 
26,8lfO 26'"·. q9o. lt 500 2 I 1 5o·o • o·2ss; .... , JJ 0 O:l!1Jt~ 
•• 29,710 2,•f,"690 1 1 1 a o· 2. 37--68 
,_0200, ... ,.o_o_o~o.i'+~5 1 
36 .• ~3o, 36,seo ,800 .2'~933'+ , o-:f3_6_J •·,:000'3:'+l1S 
26,500 2'i; '+'6'0
1 
1.'+~0 2. 1'19·1 • 024;6, ,.,,:O_Q.QPJ9ill . . ' ._ - ·I 







RUN NtJt1BER 70-. 
.. --------------
SCALE FACTOR 3,53 
Z DISTANCE 1,698 
~----------------------~---------------~----~------------------I 'R 1 I R2 L OELX I ... R I v THETA I VR t 
··-~---------------------------------------------------------·-DELTA T 3,000 SEC 
J8,'f'tO 19,000 1,060 1~5109 ,0!82 ,00128,. 
i2,sio 13,500 ,990 1,0617 ,0170 ,001582 
9,870 10,'+70 ,900 ,8208 ,015'f ,001376 . 
10,3'fo 11,000 ,980 ,8612 ,0168 ,001513 
. 8~170 8,690 ,800 ,68o-. ,0137 ,001192 
13,130 13,690 i,o6o 1,0823 ,0182 ,00128'+ 
~1,350 21,780 1,150 1,7'+05 ,0197 ,000986 
2'+,530 2't,830 1,100 1,9919 ,0188 ,000688 
!8,960 19,'+80 J,too 1,5512 ,0188 ·,001192 
16,580 17,160 1, I 00 1,3615 ,0188 ,001330 
DELTA T 5,000 SEC 
t6,51o 17,'+60 1,810 1,3708 ,0186 ,001307 
l7,2'fO 18,120 •• 730 1,-.269 ,0178 ,001211 
19,'+10 20. 190 1,660 1,5980 ,0171 ,001073 
21,880 22 1 5'fO 1. 6'+0 1,7925 ,0169 ,000908 
25,000 25,510 },'+so 2,0383 ,01'f9 ,000702 
25,'+80 25,930 t,'+Bo 2,071.f6 ,0152 ,000619 
3~,770 3'f 1 860 1,020 2,8099 ,0105 ,ooot21.f 
~t,75o 32,030 1,230 2,5738 ,0126 ,000385 
17,580 18,520 1.770 l,'t568 ,0182 ,001293 
19,760 2o,6oo 1,620 1,6287 ,0167 ,001156 
~8,300 38,500 ,780 3,0992 ,0080 ,000275 
18,130 19,120 i,e2o 1,5032 ,0187 ,001362 
2'+,2,0 2'f,880 1, 68o 1. 9822 ,0173 ,oooeeo 
32,61.fO 32.910 1,190 2,6'+52 ,0122 ,000371 
.3~,2oo .33,'f60 1,280 2,6900 ,0132 ,000358 
~1,200 ?1,970 .1,610 1,7'+21 ,0165 ,001059 
17,890 ts,8oo 1,750 1,'t8Q6 ,0180 ,001252 
!B• qo 18,99.0 1. 650 1,'+971 ,0170 ,001211 
19,710 2o,5oo a. 77o 1 ~ 6226 ,0182 ,001087 
2?,'+90 23,150 1,580 1,8'+18 ,0162 ,000908 
27,000 27,380 1,300 2,19'f5 ,013'f ,000523 
!8,890 19,710 1,_5'f0 1,5577 ,0158 ,001128 
13,750 14,670 1,680 1~1'f69 ,0173 ,001266 
?0,720 21,'+30 1,7'fO 1,7009 ,0179 ,000977 
J'f,730 i5,6oo 1,730 1~2239 ;oi7B ,001197 
?0~690 21,360 1,730 1,6969 ,0178 ,000922 
21.180 21,950 1,700 1,7'fo5 ,0175 ,001059 
?0,950 21,670 1,810 1. 7199 ,0186 ,000990 
2't,OOO 24,500 1,750 1,9572 ,0180 ,000688 
22,860 23,460 1,630 1,8692 ,0168 ,000825 
23,2'tO 23,780 l• 56o 1,8975 ,0160 ,0007'+3 
?2,600 23,180 h510 1,8'f7'f ,0155 ,000798 
1'f,56o 15,530 1,730 1.21'+3 .0178 ,00133'1 















-----------~--~----~--~-----~--·------------·-------~----------I R 1 I R2 I DELX I R I v THETA I VR I ... -
--·~----~~-~---------------~-----------~----~·-~---------------DELTA T 5,000 SEC 
j6,790 17,610 ,910 !,'tOOl ,009'+ ,001138 
1't,250 15,010 1830 1,1909 ,0086 ,OOlOS't 
?1.120 2t,7'tO ,950 1,7't't't ,0098 ,ooo860 
13,060 13.800 ,870 1 I 09 3 2 ,0090 ,001027 
_9,920 10.670 ,660 ,8380 ,0068 ,0010'+1 
~ 61 170 17,000 ,990 1,3500 ,0103 ,001152 
l6,160 16,960 ,910 1,3'+80 ,009'+ ,001110 
!6,170 l6,9'tO ,910 1 ,3't76 ,009't ,001068 
J.7,'+So 18.380 ,890 1,'t583 ,0092 ,001290 
23,180 23,890 ,920 1,9158 ,0095 ,000985 
?6,590 27,200 ,980 2,1893 ,0102 ,0008'+6 
29,2'tO 29,760 ,8oo 2,'+013 ,0083 ,000721 
~8,300 28,8'10 ,780 2,3256 ,0081 ,0007'+9 
28,950 29,500 ,860 2,3789 ,0089 .• 000763 
20,190 2o,9SO ,920 l,67't'f ,0095 ,00105'f 
i 7. 98_0 18,780 ,860 l,'t961 ,0089 ,001110 
25,530 26,170 ,910 2,10'+2 ,009'+ ,ooo888 
26~320 26,920 ,BOO 2,1669 ,0083 ,000832 
22,3'+0 23,080 ,930 1,8'+86 ,0096 ,001027 
23,370 2't,050 ,a 5o ),9300 ,0088 ,0009'+3 
~3,030 23,700 ,800 1,9019 ,0083 ,000930 
28,610 29,100 ,BOO 2,3'+88 ,0083 ,000680 
30,380 30,8'tO ,?'tO 2,'t917 ,0077 ,000638 
33,600 3't,090 ,530 2,7550 ,0055 ,000680 
J8,690 1'~.370 ,870 1,5'+90 ,0090 ,0009't3 
23,270 23,820 ,870 1,9166 ,0090 ,000763 
!6!5oo 17.250· ,930 1,3736 ,0096 ,0010'+1 
17,Bifo 18,620 ,960 l,'f839 ,0100 ,001082 
15,'+20 !6,210 ,sao 1,2873 ,0091 ,001096 
i5~3oo 16,100 ,8'10 1,2780 ,0087 ,001110 
9,'+00 to. too ,600 ,7937 ,0062 ,000971 
_6,2'to .6.750 ,390 ,5287· ,OOifO ,000708 
t8,88o 19,690 ,870 1. 5698 ,0090 ,00112'f 
i8,9oo 19,670 .-87o 1,5698 ,0090 ,001068 
19,1'fO 19,880 ,830 1,5881 ,0086 ,00102? 
22,100 22,800 ,890 1,82'7'+ ,0092 ,000971 
1'+.'~'+0 15,2'tO ,830 1,2080 ,0086 ,001110 
25,620 26,120 ,790 2,1058 ,0082 ,00069'f 
.. 1. 120 7,590 ,'tOO ,5987 ,OOifl ,000652 
21,560 22,250 ,920 1,7831 ,0095 ,000957 
31,260 3t,670 ,760 2,5613 ,0079 ,000569 
3't,5'+o 31f,300 ,6'+0 2,8018 ,0066 •,000333 
- G25 -
• 
z DISTANCE .coo 
SCALE FACTOR 2.72 RUN 16D 
· Rl R2 DEl.. X R v PHI _VR 
DEL T: • ~?8 
6.73 ca6l 1.62 1.182 e'34E9 -. +lJ-01 
G.so E-• 39 1.aa 1.142 .4031 -.~04-01 
CEl T:l.tl6 
7.62 7.'-!p 2.31 1.331 .234't -.9,79-02 
0 _,.. 
-•~C g.ll 1.4€ 1.€27 .1.l!77 -.~€S-C2 
I 7.99 7.80 z.ws 1.399 .2108 -.&46-02 I • 7.€8 7.43 2. ~ 2 1.335 .2457 -.~11-Cl DEL T=3.000 
1l.2lf to.e~ 2.26 l.SEE .0851 -.~SO-C2 
15.05 14.89 1.37 2.652 .(51!1 -.4G5-02 
12.3 7 12.11: 2.05 2.1ES .0772 -.~lf7-02 
14.26 llf.12 1.55 2.514 .r5e3 -.'i32-02 
l2.SS l2.7S 1 ,- ., eo ... ~ -c7 "•-''-w .0632 -·llS-02 
12.58 12.33 1.87 2.2Cii .rnl~t -·'tl4-02 
13.66 13.'13 1.EQ 2.4CC .C.EC2 -.~El-02 
13.9't 13.73 1·'-2 2.451 .C:609 -.~48-02 
12.72 12.'-IE 1.9: 2.232 .G723 -.lS7-C2 
15.60 1~.45 1.23 2.751 .r-481 -.~46-C~ 
14.'-;3 11t.27 1e47 2.5'42 r,s::-c:;-e ... J v- J -.~ES-02 
DEL t:G. tJQO 
16.83 16.71 z.on 2.S71 .1"1376 -.gs4-03 • l2.t;t) 11.95 4.13 2.162 .C780 -·'t22-1:!2 13.79 l?.l.f3 3.l!J 2 .~ 11 .DS84 -.~~S-02 
14.40 lL!-.03 3.00 2.519 .CS65 -.;J£'!6-02 
1(; "l'"' ,.,. . .._" lS.C.C 2o58 2.EE6 .oq es -.4!65-t2 
14.48 1Liel3 3.P4 2.535 .r~73 -.Z9C-02 
14.€9 14.37 2.85 2.S7lf .('1537 -.;es-cz 
1s.qo 15.09 2.71 2. 7(11 .r510 -.~57-("2 
18.90 13.72 1.78 3.333 .!"i335 -. ~lf9-02 
19.95 19.32 1.60 3.523 .C3~1 -.lr-8-02 
22.06 2!.SG 1.22 ::.s:q .r22s -.1-'32-02 
20.67 2r.sz 1.165 3.649 .C273 -.124-C'2 
' 21.52 zt.ttlf 1 -::c: ew- 3.8CE .112!:4 -.~62-03 
.l 22.93 .22. 81 1.20 q .o 52 .r226 -.~94-03 
~' 
25.2~ 2fi.l2 .S7 Lf.l.fEC .r 1e2 -.Sll-C3 
1(1.(:7 9.49 6.13 1.733 .1172 -.'f8G-C2 
14.96 ltt.ES 2.se 2.€23 .nscs -;?57-C2 
14.55 14.24 2. 73 2.!;50 • rs23 -.?57-02 
11.sq 17.31 1.:5 3.08.7 .0367 -.~~O-C2 
l7.57 17.39 1.89 ::;.097 .r3s!; -.:1,49-02 
211.21 ,n.ns l.tt 3 3.5ES .!:1269 -. +24-02 
21.58 21.43 le27 3.a1G .0239 --124-02 
22.58 22.'47 1.16 3.:~1 .r.t218 -. €11-03 
25.60 25.52 .95 4.529 .(.179 -.~62-03 
18.51 113.3S 1.73 3.2ES .f.'l325 -. e s4-Cl3 
19.91 19.81 le5Cl 3.519 .C290 -·4328-03 
19.68 1S.54 1. 52 3.L!7lf .('1286 -. ~16-C2 





: '. z OISTANCt: .2.tUO 
..... ·SCALE FACTOR 2 • s·o . .: 
/ . .... '. . ... 
. · ,,.. _ .. ·-· · ,: · Rl R2 OELX· R 
. , .. :. .-~ '"· . .• . 
10 .. 0 SE.c. .. " PHI' VR [)£l r=•......,..* 
9.04 9.40 ·2.13 1.709 .0252 ""187-02 
13.24 13.44 1.92 2.473 .0227 .104-02 
14.€0 . 14 ~7 8 1.77 2.723 .0209 • 936-03 
17.(!8 17.13 1e73 3.171 .0204 .260-03 
18.11 18. 2.1 1 • .0 7 3.3EE .1:119 7 .520-03 
19.16 lE.26 1e53 3.283 .C181 -.151-01 
21.12 21.17 1.4 5 3.S1S .0171- • 260-03 
21.58 21.71 le32 'te0l2 .0156 .676-03 
1S.GO 15.79 1.ao ~.sos .0213 • 988-03 
14.12 lL!e 35 1.95 2.639 • (l2 30 .120-02 
lO.SLi 11.00 2.13 1.sse .• a 2s2 .239-02 
16.90 lf..9LJ 1.47 3.136 ', .0174 .208-03 
21.0.3 ~1.07 1.22 3.SC2 .0144 .208-03 
14.94 15.10 1.61 2.784 .(1190 .832-03 
2Q.LJ3 2Q.44 1.44 3.7es .Ol7C .520-0if 
17.16 17.21 le76 3.185 I .C\208 .260-03 
19.30 19.42 1.57 3.589 .o 185 • 624-03 ' 
18.29 18.42' le64 3.402 .Pl9't ·.6 76-03 
20.56 2~. 6 6. le35 I 3.82Ci .r.nss .520-03 
15 .. 92 1-5.08 1e83 2.873 .0216 -.437-(!2 
14.52 1fJ. 6 7 1.93 2.70E .r:l228 • 780-03 . 
11.32 ll.. 72 2.CO 2.1~5 .0236 .208-02 
9.44 ~.85 le96 1.78€ .0232 .213-02 
21.38 2l.LJ1 1.22 3.966 .1!144 .156-03 
16.77 16.82 1.qn 3.113 .01€5 .260-03 
13.57 13.75 1.60 2.532 .Ql89 .936-03 
18.85 18.89 1. 3 5 2.4SS .tJ159 • 208-03 
20 .. 8Ll 20.88 1.17 3.867 .C.l38 .• 208-03 
6.37 E.S.If 1.'14 1.224 .r.l170 • 244-02 
7.84 8.31 1.72 1.497 .0203 .244-02 
lQ .• CC 11J.If2 1.78 le8S2 .0210 .218-02 
10.51 1['!.94 1.ao 1.988 .£1213 .224-02 
l3.6f.J 1!.87 1.!:4 2.55C •0182 .120-C:2 '" 
18.64 18.77 1.32 3.467 .Cl56 .676-!)3 
21.27 21 .. 4C 1.12 ~ CJ::~ w•-~~ .0132 • 6 76-03 
21.41 21.42 .96 3 .• 969 .0113 .520-0'l 
' .'3 611-03 21.19 21.26 .97 3.S34 .Dlllf 
21.19 21.. 26 97 • I 3·. ~3':~4 .G114 .364-03 
22.88 2 2·. a a .s2 4. 2 4.1 .0109 .ooo 
14.31 1.4.33 1.51 2.654 .C178 .104-03 
12.84 13.02 1.7r.l 2.3S7 .0201 • 936-03 
HS = 0 
